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We present two efficient and accurate models for the analysis and optimization of reflection at the interface of
three-dimensional (3D) photonic crystal structures. For the most general photonic crystal interfaces, we de-
velop a rigorous technique based on mode matching at the interface. We also explain a more efficient (yet ac-
curate) model based on effective impedance definition for the analysis of 3D photonic crystals (PC) structures
that are highly desired for practical applications. The two techniques are used to model practical 3D PC struc-
tures, and the issue of reflection minimization at the interface of such structures is addressed. © 2007 Optical

Society of America
OCIS codes: 050.5298, 240.4990, 160.1245.

1. INTRODUCTION

The synthesis of optical materials with desired optical
properties has been recently made possible as a result of
advances in fabrication processes with subwavelength
feature sizes. These attempts have resulted in the fast
growing field of photonic crystals (PCs), offering unique
possibilities for developing new device concepts for a
broad range of applications. Activities to realize PCs have
been mostly around planar structures [1] because of their
compatibility with well-developed microelectronic fabrica-
tion techniques, possibility of integration in a planar plat-
form, and their close connection to the already investi-
gated field of integrated optics. However, there are
applications including beam shaping and dispersion
control in which free-space structures using three-
dimensional (3D) PCs are highly preferred to avoid the is-
sue of coupling light into and out of a planar platform. In
addition, recent advances in materials and fabrication
techniques such as self assembly [2], multibeam interfer-
ence lithography [3-5], and multiphoton lithography
[6-8] have brought the opportunity to realize high-quality
3D PCs at a low cost that can be readily used as the op-
tical material in such applications.

While most initial applications of PCs were focused on
the photonic bandgap and defect-based structures (i.e.,
PC waveguides and PC cavities), recently, there has been
considerable interest in the application of PCs as disper-
sive elements. In these applications, the propagation of
electromagnetic waves inside the PC is the main phenom-
enon of interest. In addition to detailed dispersion engi-
neering, it is necessary to optimize the coupling of light
between 3D PC structures and bulk media by appropri-
ately modifying the interfaces to avoid unwanted reflec-
tion effects. Such reflection effects have been studied,
analyzed, and proposed for the realization of practical de-
vices in two-dimensional (2D) PC structures [9-16]. How-
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ever, there has been no report on efficient analysis tools
for a detailed investigation of reflection at the interfaces
of common dielectric 3D PCs. For such purposes, the de-
velopment of accurate and efficient methods for analysis
of reflection at the interfaces of 3D PCs is necessary.

In this paper, we present two models for the detailed
investigation of reflection at 3D PC interfaces. The first
model (discussed in Section 2) is a rigorous analysis tool
based on mode matching, and it is capable of analyzing
the most general 3D PC structures. The second model
that we discuss in Section 3 is based on the definition of
an effective impedance for each PC mode. This effective
impedance model is very efficient and accurate in analyz-
ing reflection for cases with one dominant PC mode,
which are of high interest in practical applications. We
discuss the main features of the two models in Section 4.
Final conclusions are summarized in Section 5.

2. RIGOROUS ANALYSIS OF REFLECTION
AT PHOTONIC CRYSTAL INTERFACES

Figure 1(a) shows the geometry of the interface between a
PC structure and an incident medium (usually a bulk ma-
terial such as air) that is investigated in this paper. The
rigorous analysis model is based on mode matching be-
tween the two regions by expanding the field at each re-
gion over Bloch modes. Phase matching condition plays a
major role in describing the modes excited in the trans-
mission region for a given incident wave. The mode-
matching process also provides detailed information
about the excited PC modes (e.g., penetration depth of
evanescent modes as well as transmission coefficient and
wave vectors of propagating modes).

We formulate the problem using the components of
electric and magnetic fields tangential to the interface
li.e., E,, E,, H,, and H, in Fig. 1(a)]. Other formulations
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Fig. 1. (a) Setup for reflection calculation is shown, with « being the angle between the incident wave vector and the normal to the
interface (z), and ¢ being the angle between the plane of incidence and xz plane. (b) Schematic of the tetragonal woodpile lattice con-
sidered throughout this paper is shown. Lattice constants and filling factors in different directions of this lattice are marked on this

figure.

based on three components of the electric field or three
components of the magnetic field can also be used. All
these formulations are of the same order of complexity (in
terms of implementation issues, required memory, and
computation cost) but each might be of more interest in a
particular case.

The periodic relative permittivity of the 3D PC can be
represented as

ex(%,9,2) = D, D) >, B exp[—j(K; + mKy + nKg) - ],

I m n

1)

where K, Ky, and K3 are the reciprocal lattice vectors of
the 3D periodic structure. For these structures, the
Floquet—Bloch theorem allows us to expand the magnetic
and electric fields of each mode of the structure as

E
Hr) = /—> 3 S U,
Mo 1 m n

XeXp[—J(k + ZKI + mK2 + nK3) . I‘], (2)

Ex(®) =, > > Sy expl—j(k + K, + mKy + nKj) - rl,
l

m n

3)

in which k is the wave vector of the mode, and Uj,,,, and
Simn are the coefficients of different Bloch components of
the magnetic and electric fields, respectively. For simplic-
ity, we define

klmn =k + lKl + mK2 + nK3. (4)

To find the reflection at the interface, we use a direct
mode-matching process to match the modes of the inci-
dent region to those of the PC structure at the interface.
For that, we need to first find the modes of the PC struc-
ture excited by the incident wave. The next step is to

match the tangential fields at the interface to those of the
incident region to find the amplitude coefficient of each
mode.

Starting from Maxwell’s equations:

VX E=-jouH,

VX H=jweye,E, (5)

and expanding the fields over their Bloch components re-
sults in

[k, 1S, - [k,IS, =&oU,,

[k,1S, - [k]S, =&,U,,

[ksIS, - [ky]S, =£0U,, (6)
[ky]U, - [k,]U, = - ko[£]S,,
[k,]U, - [k]U, = - ko[£]S,,

[kx]Uy - [ky]Ux == kO[g]Sz- (7)

Equations (6) and (7) are obtained by inserting Eqs. (2)
and (3) into the Maxwell’s equations given by Eq. (5).
Each component of the vector equations in Eq. (5) are
written in the form of a matrix equation. The size of these
matrices is N1 X Ny X N3 in each dimension, where N, N,
and N3 are the number of Bloch orders retained in the
plane-wave expansion of the fields for each reciprocal
lattice vector. In these equations, the wave vector matri-
ces are diagonal matrices with diagonal elements
((kuD @ mn=k+IKi+mKy+nKg) -0 (with u=x, y, or 2),
and the periodicity matrix, [ €], is defined as

((eDtmn) ) = Et-g)m-r)n-s)- (8)

Note that the ordered set of numbers (/,m,n) represents
one of the Bloch components and a unique indexing
scheme using C=[+mN;+nN{N, is utilized to uniquely
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address each of them. Combining Eqs. (6) and (7) to elimi-
nate U, and S, components and assuming [n]=[£]"! re-
sults in

-1
k_[ky:”:yl]([kx]Uy - [ky]Ux) - [kz]Sy = kOUxa
0
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1
[k,]U, - k—[kx]([kx]Sy - [ky]S.) = - kol£]S,.  (9)
0

The set of relations in Eq. (9) can be rewritten to form an
eigenvalue problem for %,. For this purpose, we define
[k,]=k,+[K,] to obtain

. v\ (U
K, ]S, + —[k [ 7]k, ]U, - [k,]U,) = koU,,
(8, + sl ]U, = [0, = £, A o
S, S.
1 S, S,
k_[ky]([kx]sy - [ky]Sx) - [kz]Uy == kO[e]SJm
0 where
-1 1
- [K,] 0 ks llky] —[ky” — kole]
ko ko
-1 1
0 - [K,] —[ky ] + kol €] —[ky Ikl
kq kq
= » (11
k—[kx][ nllky] k_[kx][ k] + ko -[K,] 0
0 0
1 -1
k_[ky][ nllky] - ko k—[ky][ﬂ][kx] 0 -[K,]
0 0

Solving the eigenvalue problem in Eq. (10) gives us the
wavevectors of the photonic crystal modes in the z direc-
tion (i.e., k,) as eigenvalues, and the corresponding ampli-
tudes of the Bloch components (i.e., [Ux,Uy,Sx,Sy]T) as
eigenvectors. Applying the boundary conditions afterward
gives us the amplitudes for the reflected and the trans-
mitted modes.

Note that for the case where the interface of the PC
(chosen to be the x—y plane, without loss of generality)
contains two of the PC lattice vectors (which is the case in
most practical situations), the third reciprocal lattice vec-
tor, K3, will be along the z direction, and this eigenvalue
problem is redundant. Thus, if %, is a solution, so is &,¢
+nKj3 (n being any integer number). This is the case that
we will be considering in what follows.

There are two conditions that a PC mode has to satisfy
to be considered as one of the possible modes excited in-
side the PC. First, the direction of energy for that mode
should be away from the interface. Second, the amplitude
of the mode should not grow toward infinity as the mode
propagates. Moreover, considering the redundancy in the
modes calculated in the previous section (wave vectors
differing by a multiple of a reciprocal lattice vector repre-
sent the same PC mode), only 2NNy modes are eligible to
be included in the mode matching process (N1 and N, are
the numbers of Bloch components retained in the plane-
wave expansion corresponding to the K; and K, recipro-
cal lattice vectors, respectively).

To enforce the condition of finite fields at infinity, only
those modes with a nonnegative imaginary part of the
wave vector are kept as the admissible modes. To calcu-

[

late the direction of energy of each mode, in the first step,
we need to calculate the Poynting vector for each of the
PC modes calculated in Section 1 using

1
Pk = EEk X Hk’ (12)

where the subscript k denotes the wave vector of the PC
mode of interest. The Poynting vector normal to the inter-
face can be calculated as

1
P, = Z{_ U’'s, +ULS ). (13)

The sign of the Poynting vector determines whether the
mode has its power propagating toward or against the in-
terface. Only those PC modes which take power away
from the interface are physically acceptable according to
power conservation requirement. Thus, we retain 2NN,
PC modes, which are not redundant and satisfy the cau-
sality condition, in the PC region. In the incident region,
in addition to the incident plane wave, we consider N{N,
plane waves with transverse electric (TE) polarizations,
and NN, plane waves with transverse magnetic (TM) po-
larizations for the reflected orders from the PC structure.
Therefore, the field matching equations can then be writ-
ten as

TE ™
Sm,00Ui00¢ + Uy e + U

rlmx
2NN,
= > @, Uy pns expl—Jji(kyy + nK,)z0],  (14)
t=1 n
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Om,00Ui,00y + Ut Imy t U

Jmy
2NN,
= 2 atz Ut,lmny EXP[—j(kzt + nKz)ZO]r (15)
t=1 n

S1m.005:.00x + S i + Sy

rimx T O Imx
2NN,
= 3 a2 St expl=jlla+ Kzl (16)
t= n
S1m, 005,00y + Sr Imy Sr Imy
2NN,
= 21 atE St,lmny exp[-j(k, +nK,)z,], (17)
t= n

where U, o, and U, ¢, denote the amplitudes of the x and
y components of the magnetic field of the incident wave,
respectively. Similarly, the x and y components of the in-
cident electric field are represented by S; oo, and S; oq,-
The electric and magnetic field components of the differ-
ent reflected orders (represented by Im, with 1=[/=N;
and 1=m=N,) are denoted by S, ;,,, and U, ;,,, (v=x,y),
respectively, and the superscript (TE or TM) denotes the
polarization. Similar notation has been used for the
transmitted electric and magnetic components of each
transmitted PC mode (.e., Sy ;mne Stimnvs Utjimne, and
U, imny)- Furthermore, &, o9 is the Kronecker delta func-
tion defined as &, go=1 for [I=m=0, and &, oo=0 other-
wise. Finally, a, represents the excitation amplitude of
each PC mode inside the PC. Note that in Eqs. (14)—(17)
the x and y variations of the phase terms are eliminated
by applying the phase matching condition at the z=z,
boundary.Without loss of generality, the TE and TM com-
ponents of the reflected plane waves in Eqs. (14)—(17) are
defined such that

Shill ey paR + By g §) X 2, (18)
kU, b =Ky e X ST, (19)
Uy R + By §) X 2, (20)
kon S, 0 = Us X Ky s (21)
in which
By gz = NNk = B} e — R} 1y (22)

By solving the linear system of equations in Egs.
(14)—(17), we obtain the amplitudes of the reflected plane
waves as well as the amplitudes of the PC modes excited
in the PC region. In the rest of this paper, we will use this
formulation to analyze reflection at the interface of differ-
ent PC structures and to assess the accuracy of the ap-
proximate semianalytical model developed in Section 3.

Figure 1(b) shows schematically a tetragonal woodpile
structure that can be fabricated through direct laser writ-
ing in a polymer material. The calculated reflection spec-
tra for both TE and TM incident polarizations are shown
in Fig. 2. Different plots in Fig. 2 correspond to different
incident polarizations (TE or TM) and different incident
medium (either air with &,=1.0 or the substrate region
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Fig. 2. (Color online) Power reflection coefficient at the interface
of a tetragonal woodpile PC structure, as shown in Fig. 1(a), with
£.=2.5, f,=£,=0.3, f.=0.5, a,=a,=a, and a,=1.2a is shown with
20=0, and the incident planewave at a=5° and ¢=0°. Two cases
with TE and TM polarizations (for the incident plane wave with
electric field and magnetic field along the y direction) are consid-
ered with the incident plane wave coming either from air (e,
=1.0) or substrate (g,=2.5).

with &,=2.5). In these calculations, we have assumed an
incoming plane wave with an incident angle of 5° [i.e., a
=5° and ¢=0° in Fig. 1(a)]. In our simulations, we have
used N;=Ny=N3=7 plane-wave components for the ex-
pansion of the periodic variation of the PC mode in each
direction. For this number of plane waves in the expan-
sion, the calculated reflectance values obtained have an
error of less than 5% in the reflected order powers. This
error is calculated by estimating the exact value at each
point through extrapolating the values as the number of
plane waves in the calculations increases, and gives us
enough accuracy for most practical applications. In the re-
sults plotted in Fig. 2, complete reflection (~100%) is ob-
served at a range of frequencies (above a/\=0.35 for inci-
dence from air, and above a/\=0.36 for incidence from the
substrate), which corresponds to a stop band of the PC
structure. Note that the slight difference between the
range of stop bands for different incident regions is
caused by the difference between the incident wave vec-
tors (and thereby, the excitation wave vector) at different
frequencies.

3. EFFECTIVE IMPEDANCE MODEL

Analysis of reflection using the rigorous method provided
in Section 2 can provide an exact solution [for large values
of N1, Ny, and N3 in Egs. (6) and (7)] for the reflection at
the interface of a 3D PC. However, the process is compu-
tationally intense and provides limited insight into the
process of reflection at the interface of the PC. Such in-
sights are very useful in designing buffer stages at the in-
terface to minimize reflection [17]. We have previously
proposed an effective impedance model for the analysis of
reflection at the interface of 2D PCs [17]. The effective im-
pedance model suggests that the continuity of field and
conservation of power at the interface are needed for an
impedance matching condition (to couple the light effi-
ciently into or out of a PC structure). Here, we extend this
model to the 3D case to analyze reflection at the interface
of 3D PCs. For simplicity, we consider a TM-polarized in-
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cident wave (with the magnetic field perpendicular to the
plane of incidence), and define the effective impedance for
a PC mode as

2P,

P 23
|<Hint>‘2 ( )

7pc =

where (H;,,) is the spatial average of the tangential mag-
netic field of the PC mode along the interface, and P,, is
the Poynting vector of the mode normal to the interface.
Here, we use the plane-wave expansion technique to find
the mode of the structure for calculating its corresponding
effective impedance at a specific interface. Using this ef-
fective impedance to represent the PC mode and assum-
ing single-mode operation at both the incident medium
and the PC region, we can define the reflection coefficient
from the PC interface as

2
7PC ~ Mine
7pc t Tine

R= (24)

where 7;,.=\Minc/ €ine 18 the impedance of the homoge-
neous incident region with permittivity ¢;,. and perme-
ability w;,c-

While the single-mode assumption here might seem too
restrictive, it is usually desired for the proper operation of
the PC structure for all practical applications of interest
(e.g., wavelength demultiplexing, beam shaping, self-
guiding, slow-light propagation, etc.). As an example, in
low-contrast 3D PCs usually more than one mode are
present, but the polarization of the incident wave can be
selected such that excitation of other modes is negligible.
It is also important to note that the effective impedance is
defined for each PC mode and it depends on the interface
at which the PC is truncated. Therefore, by choosing the
incident region or a different termination of the PC, it is
possible to realize an impedance matching condition to
couple the light completely into the PC structure (with no
reflection).

Figure 3(a) shows the calculated reflection for a plane-
wave incident from a bulk medium with ¢,=2.5 to a te-
tragonal woodpile PC with a,=a,=a, a,=1.2a, f,=f,=0.3,
and f,=0.5 (parameters as defined in Fig. 1) with TM in-
cident polarization at incident angles of a=7° and ¢=0°;
the interface of the PC is assumed to be at zy=0.75¢, (i.e.,
halfway through the dielectric bars in the y direction).
Both results from the rigorous mode-matching scheme
and the effective impedance model are plotted in Fig. 3(a)
and are in very good agreement. Figure 3(b) shows the ef-
fective impedance of the PC modes excited at different
frequencies in Fig. 3(a). The impedance matching condi-
tion in this figure occurs around normalized frequency of
a/\=0.337, which corresponds to the complete transmis-
sion range in Fig. 3(a). Another important behavior in the
effective impedance of PCs is that in the vicinity of the
mode gap (depending on whether the average field goes to
zero or a finite nonzero value), it is possible to obtain very
large or very small values of effective impedance to match
the PC modes of interest to the incident region.

Figure 4 shows the reflection of an incident wave from
air at the interface of the PC analyzed in Fig. 3 for two
different terminations at z;=0.25a, and z(=0.75a,, along
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Fig. 3. (Color online) (a) Calculated reflection for a plane wave
incident from a dielectric substrate (g,=2.5) to a tetragonal wood-
pile PC with a,=a,=a, a,=1.2a, f,=£,=0.3, and £,=0.5 (param-
eters as defined in Fig. 1) with TM incident polarization (mag-
netic field along the y direction in Fig. 1) at an angle a=7° is
shown. The solid curve corresponds to the direct calculation re-
sults, and the star markers are those calculated using the effec-
tive impedance model. The interface of the PC is assumed to be
at zp=0.75a,. (b) Calculated effective impedance (normalized to
the impedance of the vacuum) of the PC in (a) is shown (marked
by stars) and compared with that of the incident region (dashed
line). Perfect impedance matching is observed at a/\=0.337, and
low reflection in the vicinity of that normalized frequency is con-
sistent with the direct reflection calculation results.

Normalized effective impedance
N
L

with the calculated effective impedances. It can be seen
that the behavior of the effective impedance is highly de-
pendent on the choice of the interface. In particular, by
controlling the location of the interface, it is possible to
move the high-transmission region (in the vicinity of the
impedance matching condition) to different frequency
ranges for specific applications of interest.

4. DISCUSSION

The methods presented in this paper provide efficient
tools for the analysis of reflection in PC structures. The
rigorous technique based on the mode-matching concept
is applicable under any condition (arbitrary PC, arbitrary
incidence, and possibly with multimode incident or trans-
mitted regions). The accuracy of this model can be con-
trolled by changing the number of plane waves or PC
modes used in the mode-matching process (which affects
the size of the calculation matrices and thus, the overall
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Fig. 4. (Color online) Calculated reflection for a plane wave incident from air (¢,=1.0) to the same tetragonal woodpile PC as in Fig. 3

with TM incident polarization at an angle a=7° and ¢=0° is shown. The interface of the PC is assumed to be at z,=0.25a, for the results
plotted in (a), and the corresponding effective impedance is shown in (b). The calculated reflection and effective impedance for an inter-
face at z;=0.75a, are shown in (c¢) and (d), respectively. The dashed lines in (b) and (d) represent the normalized effective impedance of

the incident region (i.e., air).

computation time). Therefore, it is a powerful tool for the
numerical analysis of the most general PC structures.
The disadvantage of this model is that it does not provide
simple intuition for design and optimization of practical
PC structures.

The effective impedance model presented here is a pow-
erful tool for understanding and analysis of reflection in
PC structures. The simulation time for this method is
minimal compared to all existing techniques, as it re-
quires only the calculation of the PC modes once (which is
efficiently performed using only one unit cell of the PC
structure). This mode calculation results can be used to
find the effective impedance of the PC mode for all termi-
nations of the PC (i.e., with the interface located at differ-
ent positions relative to the unit cell of the PC) and for
any permittivity in the incident region. This model also
provides valuable insight for manipulation and optimiza-
tion of reflection properties of the PC structures by relat-
ing the reflection to two well-known observable properties
of PC modes, i.e., the field distribution and the Poynting
vector of the PC mode. The single-mode requirement of
the effective impedance approach is also required for the
normal operation of the practical PC devices. Thus, we be-
lieve the results of this paper will be useful for minimiza-
tion of reflection in practical PC structures.

5. CONCLUSIONS

We presented here two powerful and efficient methods for
fast and accurate analysis of reflection at the interface of

3D PC structures. The rigorous mode-matching-based
technique presented here is capable of analyzing reflec-
tion at the interface of any 3D PC structure with arbi-
trary bulk (or even periodic) media. On the other hand,
the effective impedance method presented here is an ac-
curate tool for the calculation of reflection at the bound-
ary of single-mode 3D PC structures (or 3D PC structures
with a dominant mode), which are in high demand for
practical applications. The effective impedance model also
provides valuable insight for the optimization of reflection
at 3D PC interfaces with minimal computation need.
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