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1 Introduction

Optical pattern recognition has been appreciated since the
complex spatial filtering work by VanderLugt1 in 1964 and
demonstration of the joint transform correlator by Weaver
and Goodman2 in 1966. These methods of optical correla-
tion in fact were invented to provide a tool for 2-D spatial
filtering. In both of these approaches, only one stored pat-
tern was correlated with the incoming patterns. The advan-
tage of multiplexing several patterns in a volume
hologram3 makes optical correlation a significant method to
be utilized in optical pattern recognition. In this way, the
incoming pattern is correlated with all of the stored pat-
terns, each recorded as a volume hologram. As a result,
holographic information processors have massive parallel-
ism and high speed.4

Much research has been performed in volume holo-
graphic correlation, extending its outstanding capabilities to
a variety of applications. Some examples are the implemen-
tation of optical neural networks,5 real-time vehicle
navigation,6 content-addressable data,7 and fingerprint
recognition.8 In all these applications, the optical correla-
tion is performed using multiplexed volume holograms, and
all of the stored holograms in the system use the whole
volume of the recording medium. Since all the stored pat-
terns �or holograms� overlap in the same volume of the
recording medium, they must be recorded once all of the
patterns are available. Adding extra patterns to or erasing
selected patterns from the system after the recording phase
is complicated because all of the stored patterns in the re-
cording medium are affected by the optical beams required
for recording or erasing some holograms. Thus, the conven-
tional techniques can not be used for dynamic pattern
recognition.
t0091-3286/2005/$22.00 © 2005 SPIE
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In this paper, we introduce the localized holographic
orrelators �LHCs�, which use the localized holographic re-
ording technique9 enabled by gated holographic recording
n photorefractive crystals.10 Using this method, every pat-
ern in the system can be recorded and erased at any arbi-
rary time without affecting other holograms, making LHCs
xcellent candidates for the implementation of dynamic op-
ical correlators. By simulation, we show that the perfor-
ance of the LHC measured by crosstalk, shift invariance,

nd capacity is better than that of the conventional angle-
ultiplexed optical correlators. Moreover, the capacity of

he proposed LHC is extendable by elongation of the re-
ording medium, and the complete correlation system
s more compact than a conventional volume holographic
orrelator.

We explain the basic structure of the LHCs in Sec. 2.
ection 3 discusses a theoretical analysis of the perfor-
ance of LHCs. The performance measures of the LHC are

alculated and then compared with those of the conven-
ional correlators in Sec. 4. Section 5 discusses further ex-
ension of the capabilities of the LHCs. Section 6 presents
nal conclusions.

LHCs
he basic idea for an LHC is shown in Fig. 1. Figure 1�a�
hows the general recording setup for localized holographic
ecording in 90-deg geometry.11 Each hologram is recorded
y the simultaneous overlap of a sensitizing �or gating�
eam and two coherent recording beams �i.e., reference
eam and signal beam� in a thin slice of the recording me-
ium. Note that different holograms are recorded in differ-
nt slices and will not overlap with each other. In the rec-
gnition phase, the signal beam corresponding to the
nknown pattern is correlated with all the stored patterns,
s depicted in Fig. 1�b�. The unknown pattern will read all

he holograms, resulting in diffraction of their correspond-
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Karbaschi et al.: Optical correlation using gated localized holography
ing reference beams, if Bragg matching occurs �i.e., if any
of the holograms are read with an optical beam with the
same spatial profile used for their recording�. The diffracted
signals are detected by a detector array adjacent to the re-
cording medium, as shown in Fig. 1�b�. If the reading pat-
tern is similar to one of the recorded patterns, a strong
diffracted signal is obtained at the detector, corresponding
to that pattern. Otherwise, all detected signals are weak,
confirming negligible correlation between the reading pat-
tern and all recorded patterns.

The implementation of localized holographic recording
is made possible by advances in gated holography tech-
niques: two-step recording12 and two-center recording.13

The latter method, however, has major advantages in a va-
riety of aspects such as sensitivity, dynamic range, and dark
storage time.10,14 By using gated holography, the recording
and erasure of the holograms is possible only in the pres-
ence of a �third� sensitizing beam, which acts as a gate. The
regions of the recording medium illuminated by the sensi-
tizing �or gating� beam get sensitized so that the two re-
cording beams can record a hologram in those regions.
Therefore, by shaping the sensitizing beam to form a thin
slice within the recording medium �as shown in Fig. 1�a��,
the hologram is localized within the volume of that slice.
Since the recording beams affect only the sensitized slice,
recording at one slice does not erase holograms previously
stored at other slices. As a result, individual patterns can be
dynamically inserted into and/or removed from the optical
pattern recognition system without affecting the already re-
corded patterns. Moreover, reading the holograms with the
signal beams, in the absence of the sensitizing beam, does
not erase the recorded holograms as it does in the conven-
tional �nongated� holography. This gives persistence to the
recorded patterns �unless they are erased deliberately by
light at the sensitizing wavelength�, and prevents the read-
ing beam from being absorbed by the crystal. As a result,
the absorption of the reading beam by the holographic me-
dium is negligible and the recording medium can be made

Fig. 1 Localized holographic correlation steps
each pattern is recorded as a volume hologram
tized by the sensitizing beam. Reading of a holo
results in a strong diffracted beam from a thin s
long enough to include all the desired patterns.
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Theoretical Analysis of LHCs
n Fig. 2, the correlation system is illustrated with more
etails that are used in our analysis. The recording and
eading patterns are applied to a spatial light modulator
SLM�, which is put in the front focal plane of a lens with
ocal length F. The SLM is illuminated by a monochro-
atic plane wave light source at recording wavelength �.
he electromagnetic �EM� field pattern at �u ,v ,z� within

he recording slice, represented by F1�u ,v ,z�, caused by the
ecording pattern f1��1 ,�1� at the SLM can be calculated
sing Fresnel diffraction approximation �see the appendix�
s

1�u,v,z� �� �
SLM

f1��1,�1�

�exp�− j
�z

n�F2 ��1
2 + �1

2��exp� j
2�nz

�
	

�exp�− j
2�

�F
�u�1 + v�1�� d�1 d�1. �1�

cording and �b� correlating. During recording,
in slice of the recording medium that is sensi-

by its corresponding reading beam �or pattern�
the recording medium.

ig. 2 Basic structure of an LHC. The recorded slice has dimen-
ions LX, LY, and LZ in the x, y, and z directions, respectively. The
oordinates of the points in the SLM plane, the back focal plane of
he lens, and the slice volume are represented by �� ,��, �x ,y�, and
u ,v ,z�, respectively. The recorded slice is located at distance ZC
rom the back focal plane of the lens �z=0� with focal length F.
: �a� re
in a th
gram
lice of
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Karbaschi et al.: Optical correlation using gated localized holography
Here F1�u ,v ,z� can represent electric or magnetic field de-
pending on the polarization of the signal beam. All param-
eters in Eq. �1� are defined in the caption for Fig. 2. The
reference beam within the sensitized slice of the recording
medium can be approximately represented as a plane wave,
i.e., exp�jkuu�, where ku=2n� /� with n being the refractive
index of the recording material. Therefore the permittivity
modulation due to the interference of the signal beam and
the reference beam can be represented as

�� � 
exp�jkuu� + F1�u,v,z�
2. �2�

Note that the proportionality constant in Eq. �2� depends on
the electro-optic properties and the dynamics of the photo-
refractive effect of the two-center recording material13 and
is not included here for simplicity. Expanding Eq. �2�, the
only component that can produce a Bragg matched dif-
fracted beam during reading by the same pattern at the
SLM �i.e., f �� ,��� is
1

1 2 2

P

A

w
s
L
t
o
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�1 � F1
*�u,v,z� exp �jkuu� . �3�

The hologram is then read by another pattern, f2��2 ,�2�
t the SLM plane. The reading field pattern at the recorded
lice is calculated similar to the recording field pattern �i.e.,
q. �1�� to be

2�u,v,z� �� �
SLM

f2��2,�2�

�exp�− j
�z

n�F2 ��2
2 + �2

2��exp� j
2�nz

�
	

�exp�− j
2�

�F
�u�2 + v�2�� d�2 d�2. �4�

The diffracted field in wave vector space �represented by
d�kd�� is calculated by using Eqs. �2�–�4� and the Born
pproximation15
Ad�kd� �

� � �
Volume

F1
*�u,v,z�exp�jkuu�F2�u,v,z�exp�− jkd · r� du dv dz

��2n�/��2 − kdy
2 − kdz

2 �1/2 , �5�
where r=uax+vay +zaz �where ax, ay, and az are unit vec-
tors in the x, y �or u, v�, and z directions, respectively� and
kd represents the diffracted wave vector with magnitude

kd
= 
kdxax+kdyay +kdzaz
=2n� /�. Note that the integral in
Eq. �5� is performed over the volume of the recording slice.
Assuming Ad�kd� to be significant only for kdy, kdz

	2n� /� �i.e., paraxial approximation for a plane wave in
the ax direction�, we neglect kdy and kdz in the denominator
of Eq. �5� to obtain

Ad�kd� �� �
SLM

f1
*��1,�1� d�1 d�1

�� �
SLM

f2��2,�2� d�2 d�2

�� � �
volume

exp� j�2�

�F

���1 − �2� +
2�n

�
− kdx�u�

�exp� j�2�

�F
��1 − �2� − kdy�v�

� exp� j� 2�

n�F2 ��1
2

+ �2 − �2 − �2� − kdz�z� du dv dz . �6�
erforming the integral over the volume of the slice yields

d�kd� � LXLYLZ� �
SLM

f1
*��1,�1� d�1 d�1

�� �
SLM

f2��2,�2� d�2 d�2 � sinc

�� LX

2�
�2�

�F
��1 − �2� +

2�n

�

− kdx��sinc� LY

2�
�2�

�F
��1 − �2� − kdy��

� sinc� LZ

2�
� �

n�F2 ��1
2 + �1

2 − �2
2 − �2

2� − kdz��
� exp�− j�ZC +

LZ

2
	� �

n�F2

���1
2 + �1

2 − �2
2 − �2

2� − kdz�� , �7�

ith sinc�x�=sin��x� /�x. In the following steps, we as-
ume the dimension of the slice in y �or v� direction �i.e.,
Y� to be large enough to approximate the second sinc func-

ion in Eq. �6� as an impulse �or delta� function. Integration

ver �2 then yields
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Karbaschi et al.: Optical correlation using gated localized holography
Ad�kd� � LXLZ� �
SLM

f1
*��1,�1�d�1 d�1

��
SLM−�

f2��2,�1 + ���d�2

� sinc� LX

2�
�2�

�F
��1 − �2� + kx − kdx��

�sinc� LZ

2�

	exp�− j�ZC +

LZ

2
	
� , �8�

where


 =
�

n�F2 ��1
2 − �2

2 − 2�1�� − ��2� − kdz, �9�

�� = −
�F

2�
kdy , �10�

and SLM-� means the � direction �or x direction� in the
SLM plane.

The detector array is located right below the bottom face
of the crystal. The EM field in position space at the detector
plane �i.e., u=Lx /2 plane� is then calculated as

E�v,z� = �
−�

� �
−�

�

Ad�kd�

�exp� j�kdx
LX

2
+ kdyv + kdzz	�dkdy dkdz. �11�

In these derivations, the x dimension �or u dimension� of
the recording slice �i.e., LX� is not assumed to be infinite,
because the variation of the height of the recording slice
significantly changes the crosstalk and shift invariance, as
explained in Sec. 4.

4 Performance Measures in an LHC
To compare the performance of conventional optical corr-
elators with that of the LHC, we consider three perfor-
mance measures: shift selectivity, crosstalk, and capacity.
These performance measures are calculated using the theo-
retical derivations of Sec. 3.

In all of the simulations in this section, the recording
material is assumed to be a doubly doped LiNbO3 crystal.
The images are random pixelated patterns with 20-�m
pixel pitch size and it is assumed that the average of the
field values is removed by dc blocking at the Fourier plane
of an imaging system with unity magnification �not shown
in Fig. 2�. The focal length of the lens after the imaging
system is 20 cm. The recording and reading wavelength is
532 nm. The thickness of each recording slice is 10 �m.
The location of the recording slice ZC is arbitrarily chosen,
because according the simulations, it has no effect on the
performance measures of the LHC.

4.1 Crosstalk
Crosstalk is defined as the detected noise power in the place
of a nonexisting �or empty� pattern �or hologram� produced

by other stored patterns �or holograms�. It is usually quan- a

Optical Engineering 085802-4
ified by the crosstalk noise-to-signal ratio �NSR�, which is
he ratio of the crosstalk noise power to the signal power
iffracted from the hologram corresponding to a desired
attern. As is usual in crosstalk calculations for optical cor-
elators, the worst-case scenario is considered for both con-
entional correlators and LHCs. In this scenario, it is as-
umed that all the recorded holograms are recorded with
ne pattern for all. During correlation, the holograms are
ead with the same pattern to maximize the unwanted
rosstalk.16

In conventional holographic correlators that use the an-
ular multiplexing method, the correlation pattern of the
ncoming signal beam with the stored patterns is formed at
he output plane �i.e., the focal plane of a Fourier trans-
orming lens�.16 The central peaks of the correlation pat-
erns fall at points corresponding to the reference beam
ngles with which the stored patterns are recorded. The
idelobes of the correlation patterns, however, may occur at
he locations of the peaks of the other correlation patterns
nd cause crosstalk. In volume holograms, the mentioned
idelobes get suppressed as the thickness of the recording
edium increases, which in turn decreases the crosstalk.16

his suppression occurs because of angular selectivity of
olume holograms.15 The amount of crosstalk also depends
n the examined pattern and the geometry of the correlation
ystem, such as the focal lengths of the lenses, and the
ngles of the signal and the reference beams.

The reported theoretical values for crosstalk in angle
ultiplexed correlators in Ref. 16 indicate that for a

rosstalk NSR of −30 dB in a 5-mm-thick medium the
umber of stored holograms can be as high as 12,000, if the
aterial has enough dynamic range. This is obtained when

he angle between the reference and the signal beams is
0 deg inside the crystal �i.e., 90-deg geometry�. One can
mply that for a 1-cm-thick medium, this number can be
4,000 since the width of the angular selectivity function,
hich is a sinc function,15 is inversely proportional to me-
ium thickness. The acceptable crosstalk level sets a limit
or the maximum number of stored patterns in an optical
orrelation system. This number is defined as the capacity
f the correlation system.

For an LHC, we simulated the recording of holograms
orresponding to identical patterns at �� ,�� plane in suc-
essive slices of the recording medium and calculated the
rosstalk NSR, produced by reading those holograms with
he same pattern placed at �� ,�� plane. Crosstalk in LHCs
an be reduced by adding spacing �i.e., a buffer region�
etween the adjacent slices. Figure 3 shows the variation of
he crosstalk NSR with this spacing. For a 1-mm-high me-
ium �i.e., LX=1 mm in Fig. 2�, the curve shows that for a
SR equal to −30 dB, the corresponding spacing between

djacent slices is 13 �m. Since the thickness of each slice
s 10 �m, 13+10=23 �m of the crystal length is devoted
o each slice. Thus we can have 435 slices per 1 cm of
rystal length. The small kinks of the curves in Fig. 3 are
ecause of the randomness of the pixelated input patterns
nd are changes as the correlated patterns change.

As shown in Fig. 3, the crosstalk NSR is increased as the
eight of the crystal is increased. This in turn decreases the
apacity of the system, as the acceptable spacing between
he adjacent slices has to increase to maintain the same

mount of crosstalk NSR. The reason for this variation of

August 2005/Vol. 44�8�
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Karbaschi et al.: Optical correlation using gated localized holography
crosstalk NSR with LX is shown in Fig. 4, which depicts the
intensity profile along the z axis. It is clear from Fig. 4 that
the diffracted beam becomes wider in the z direction as the
height of the crystal increases, which in turn increases the
crosstalk NSR. It can be shown that in the limit where the
height of the crystal is infinite, the diffracted beam is a
plane wave no matter how thick the slices are, and it is
impossible to separate the diffracted signals coming from
different slices.

A quantitative comparison of crosstalk in the two types
of correlation �i.e., localized and conventional� depends on
the actual design of the two systems. However, as we dis-
cuss in Sec. 4.3, crosstalk is not a limiting factor in design-
ing conventional angle-multiplexed correlators with maxi-
mum capacity. Usually, the dynamic range limitation is the
dominant effect and the crosstalk NSR obtained for the
maximum capacity correlators in conventional design, is
well below the required minimum value �for example,
−30 dB�. On the other hand, crosstalk in LHCs depends on
the thickness of the buffer layer, which affects the capacity
as well. For practical designs, LHCs can be designed to
have crosstalk NSR below the required minimum value by
choosing reasonable buffer sizes �13 �m as mentioned�.

Fig. 3 Crosstalk NSR versus spacing between slices in an LHC with
1- and 2-mm-high doubly doped LiNbO3 crystals with 10-�m-thick
recording slices. Other parameters used in these simulations are �
=532 nm and F=20 cm.

Fig. 4 Intensity profile of the diffracted beam from a single hologram
in an LHC along the z axis at the bottom facets of LX=1 mm and
LX=2 mm high LiNbO3 crystals with 10-�m-thick recording slices.
Other parameters are the same as those described in the caption of
cFig. 3.

Optical Engineering 085802-5
.2 Shift Invariance
n holographic correlators, shifting the reading pattern com-
ared to the one used in recording reduces the diffraction
fficiency because of Bragg mismatch.15 The shift invari-
nce is quantitatively defined as the minimum amount of
hift required to reduce the diffraction efficiency to zero.
ere we compare the shift invariance of angular multi-
lexed correlators and LHCs. Only in-plane shift-
nvariance �in the x direction in Fig. 2� is considered in this
omparison, because for both cases the out-of-plane shift
nvariance �in the y direction in Fig. 2� is more than one
rder of magnitude larger than the in-plane shift invariance,
ecause of the closeness to the degeneracy direction.17

The amount of shift invariance depends on the geometry
f the system and thickness of the holograms. In angular
ultiplexing, this thickness determines the width of the

inc function explained in Sec. 4.1, which in turn deter-
ines the shift invariance.15 The wider the sinc function,

he larger is the shift invariance. On the other hand, the
ider the sinc function, the larger is the crosstalk. This in

urn limits the capacity of the correlator. Therefore, a trade-
ff exists between shift invariance and capacity. In fact,
ome methods such as defocusing18 have been exploited to
ontrol the shift invariance to increase the capacity of the
ptical correlators. Figure 5 shows shift invariance for an
ngular multiplexed correlator that works in the focused
egime. The material is assumed to be a 1-cm-thick
iNbO3:Fe crystal. The reference beam angle with respect

o the normal axis is zero and the SLM pixel pitch size is
0 �m. Both transmission and 90-deg recording geom-
tries are considered in Fig. 5. It is observed that for the
0-deg geometry, the shift-invariance is less than the size of
pixel.
Figure 6 shows the theoretical variation of the diffrac-

ion efficiency with image shift in an LHC. According to
hese simulations, the shift-invariance for an LHC with
X=1 mm and LZ=10 �m slice thickness is 5 pixels and is
onstant for different locations of slices within the crystal.
his is better than the shift-invariance in conventional cor-

elators, which is less than 1 pixel for 90-deg geometry, as
escribed in the previous paragraph. As shown in Fig. 6,
he shift invariance becomes smaller as the height of the

ig. 5 In-plane shift invariance in an angle-multiplexed correlator
ith 1-cm-thick LiNbO3:Fe crystal with �=532 nm, F=20 cm, and
ixel pitch size=20 �m. The two segments of the curve correspond

o transmission �left� and 90-deg geometry �right� and the gap in
etween represents the inside angles for which no incident outside
ngle from air exist.
rystal increases. The reason is that the diffracted beam in

August 2005/Vol. 44�8�
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Karbaschi et al.: Optical correlation using gated localized holography
Fig. 1�b� propagates in the x direction, resulting in a larger
phase mismatch along the x direction for taller holograms
�with larger LX� for the same in-plane shift of the reading
image.

4.3 Capacity
As mentioned previously, the maximum number of stored
patterns in an optical correlation system defines its capac-
ity. Here, we study the effect of diffraction efficiency ���
and dynamic range �M /# �Ref. 19�� on capacity.

For conventional angle-multiplexed holograms recorded
in the same volume, it is shown that the theoretical maxi-
mum M /# for a 1-cm-thick singly doped LiNbO3:Fe crys-
tal is 30 for transmission geometry20 with recording wave-
length �=514 nm. This implies that if we choose minimum
acceptable diffraction efficiency to be �=10−4, the maxi-
mum number of holograms will be

M =
M/#

�

=
30


10−4
= 3000/cm. �12�

In the 90-deg geometry, the theoretical maximum M /#
for the same material20 is 16. Thus, with the same diffrac-
tion efficiency the maximum number of holograms is
1600/cm. Comparing this number with 24,000, as calcu-
lated in Sec. 4.1, we observe that the major limit on the
capacity in conventional holographic correlators is M /#
and not the crosstalk.

In localized recording, we use a doubly doped
LiNbO3:Fe:Mn crystal in the 90-deg geometry. The thick-
ness of the slices and the height of the crystal are assumed
to be 10 �m and 1 mm, respectively. It is shown21 that in
this case, the maximum M /# for sensitization at 404 nm
and recording at 532 nm is 0.15 �for each slice�, resulting
in �=2.25�10−2 for each hologram, which is 225 times
larger than the minimum acceptable diffraction efficiency
chosen in the previous paragraph for conventional correla-
tors. This implies that we can multiplex �225�1/2=15 holo-

−4

Fig. 6 Normalized diffraction efficiency versus in-plane image shift
in LHCs with LX=1 mm and LX=2 mm high doubly-doped LiNbO3
crystals, slice thickness=10 �m, �=532 nm, F=20 cm, and pixel
pitch size=20 �m.
grams in a single slice with �=10 for each hologram. d

Optical Engineering 085802-6
hey can be exploited for different versions of a single
attern like shifted, rotated, or scaled versions. Since all
hese holograms correspond to the same object, they are
ecorded using the same reference beam in one slice. Read-
ng the holograms with each recorded pattern �correspond-
ng to the same object� results in diffraction of the same
eference beam, which will be detected at the detector un-
erneath the slice. This makes the LHCs much more robust
o the variations of the correlated images. In addition, this
apability can be exploited to develop practical 3D object
ecognition systems.22

If we multiply the number of multiplexed holograms in a
ingle slice to the maximum number of slices per 1 cm
ength, as calculated in Sec. 4.1, we will have 15�435
6525 holograms stored in a 1-cm length of doubly doped
iNbO3 crystal �in contrast to 1600 holograms in conven-

ional correlators with 90-deg recording geometry, as de-
cribed�. The result may seem surprising while the M /# of
singly doped LiNbO3 crystal is usually larger than that of
doubly doped LiNbO3 crystal with the same dimensions.
ne should notice, however, that in localized recording the
iffraction efficiency of the recorded holograms is propor-
ional to 1/M, where M is the number of the recorded
olograms.23 The diffraction efficiency in conventional vol-
me holography follows a 1/M2 dependence,24 which more
everely limits the number of recorded holograms. Note
lso that the analysis of LHCs is based on assuming
0-�m-thick slices. By using more sophisticated optics we
an reduce the thickness of each slice, resulting in more
ndependent slices to further increase the number of inde-
endent patterns recorded in the same volume.

Discussion
he performance characteristics of the conventional corr-
lators and LHCs are summarized in Table 1. From Table 1,
e can conclude that the LHC has better shift invariance

nd higher capacity while the crosstalk in both methods is
omparable. Note, however, that the point of the paper is
ot that LHCs considerably improve the conventional per-
ormance measures. It is rather the new possibilities for
btaining practical capabilities that could not be achieved
ith conventional correlators. A unique property of LHCs

s the possibility of erasing and rerecording in each slice
ithout affecting other slices. Therefore, dynamic modifi-

ation of the pattern database is possible. Moreover, by
sing long crystals �LZ=5 to 10 cm in Fig. 2� we can con-
iderably increase the capacity, as shown in Fig. 7. This is
ot possible in conventional holography because of the ab-
orption of the recording and reading beams through the
rystal. Furthermore, the detectors in the detector array
ontact the bottom surface of the crystal and no lens is
equired to collect and focus the diffracted correlation
eams in LHCs �Fig. 1�b��. This makes the LHC a more
ompact system. Finally, in LHCs, patterns are recorded by
ated holographic techniques, which make the holograms
ersistent against further reading.

Conclusion
n this paper, we demonstrated the LHC as an optical cor-
elation system with which one can dynamically record and
rase individual patterns in the recording medium without

isturbing other stored patterns. We showed that LHCs
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have better performance than conventional volume holo-
graphic optical correlators in terms of shift invariance,
crosstalk, and capacity. Moreover, the LHC is more com-
pact and its capacity can be extended by elongating the
recording medium. The LHCs can also be used to improve
the properties of 3-D optical correlators.

7 Appendix: Derivation of Fresnel Diffraction
Formula

In this appendix we derive the Fresnel diffraction formula
that relates the EM field within the recording slice volume
�i.e., F�u ,v ,z�� to that at the SLM plane �i.e., f�� ,��� in
Fig. 2. For the simplicity of deriving the diffraction pattern
in the recording medium, the front face of the recording
medium is assumed to be at the Fourier plane of the lens.
Because the height of the recording medium �LX� in LHCs
is relatively small �about 1 mm�, it is also important to
couple most of the signal beam into the recording medium.
Therefore, focusing the signal beam at the entrance of the
recording medium is useful in that way as well. The EM
field at the back focal plane of the lens �z=0� is

H�x,y� � FT�f��,��� = G� x

�F
,

y

�F
	 , �13�

where FT represents Fourier transformation, and the Fou-
rier transform of the function f is represented by the func-
tion G. Light propagates through the crystal with average
refraction index of n. We use Fresnel diffraction approxi-
mation to evaluate the EM field at any location within the
recording medium with longitudinal distance z to the back
focal plane of the lens. Moreover, we assume the reflection
coefficients at the boundary between air and the recording
medium to be constant within the whole spatial frequency
spectrum of the signal beam. Assuming paraxial approxi-
mation and using the kernel of the Fresnel diffraction,25 we
obtain

Table 1 Performance characteristics of co

Method
Shift

Invariance
Crosstalk

�NSR�

Cap
Ce

of T

Conventional
�angular—90 deg�


1 pixel 
−30 dB

Localized 5 pixels 
−30 dB
�in 4

The holograms a

Fig. 7 Index waveguiding in localized holographic correlator with

Mlong crystals to increase capacity.
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�u,v,z� � �H�x,y� � �
1

j�z
exp� j

2�nz

�
	

�exp� j
n�

�z
�x2 + y2���

= �G� x

�F
,

y

�F
	 � �

1

j�z
exp� j

2�nz

�
	

�exp� j
n�

�z
�x2 + y2��� = FT−1� f�− �,− ��

�exp�− j
�z

n�F2 ��2 + �2��� 1

j�

�exp� j
2�nz

�
	 , �14�

here �� stands for 2-D convolution and FT−1 represents
nverse Fourier transformation. Rewriting the FT−1 in its
ntegral form and omitting the constant term of 1/ j� yields

�u,v,z� �� �
SLM

f�− �,− ��exp�− j
�z

n�F2 ��2 + �2��
�exp� j

2�nz

�
	exp� j

2�

�F
�u� + v���d� d� . �15�

y negating the variables � and �, the final form of the EM
eld within the recorded slice is obtained

�u,v,z� �� �
SLM

f��,��exp�− j
�z

n�F2 ��2 + �2��
�exp� j

2�nz

�
	exp�− j

2�

�F
�u� + v���d� d� .

�16�
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