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Summary 

In the field of wireless multiple-input multiple-output (MIMO) communications, remarkable 

capacity enhancements may be achieved in certain environments relative to single-antenna systems. In 

a non-line of sight (NLOS) environment with rich multipath, the capacity potential is typically very good, 

but in a line of sight (LOS) environment with a high Rician -factor, the capacity improvement may be 

severely limited or almost disappear. The objective of the research described in this dissertation has 

been to develop a more thorough understanding of the capacity limitations of MIMO in a LOS 

environment and explore methods to improve that capacity. It is known that for a LOS link with a given 

range, an optimal antenna configuration, which usually involves large antenna spacings, can be 

computed to maximize the capacity. A method is here proposed for achieving near-maximum MIMO 

capacity in LOS environments with suboptimal array configurations. Suboptimal arrays may include small 

antenna spacings and/or arrays rotated off normal. The method employs single-antenna full-duplex, 

amplify-and-forward relays, otherwise known as "wireless repeaters." We have designated this concept 

repeater-assisted capacity enhancement (RACE) for MIMO. Potential applications include tower-

mounted or building-top cellular backhaul and high-speed wireless bridge links (explored in Chapter 5) 

and ground-to-air sensor network backhaul links and base-to-mobile links in a cellular configuration 

(explored in Chapter 7). 

We have analyzed this concept in simulation for point-to-point and point-to-multipoint links and 

have found the following critical parameters for system design and deployment: orientation, antenna 

spacing, and antenna patterns of the transmit (TX)/receive (RX) MIMO arrays; and position, noise figure, 

TX/RX isolation, and antenna patterns associated with the repeater(s). Simulation results for an  

MIMO link demonstrate nearly a factor of  improvement in capacity relative to a single-

input single-output (SISO) link using  optimally placed wireless repeaters supporting the link. 
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Other portions of analysis presented include the development of a determinant-based metric 

for capacity ( ) and an exploration of upper and lower bounds of capacity as a function of . The 

position of repeaters is analyzed theoretically and a metric introduced based on  intended to quickly 

and intuitively determine optimal positions for repeaters assisting a given MIMO link based on TX/RX 

node steering vectors. 
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Chapter 1: Introduction 

In the field of wireless multiple-input multiple-output (MIMO) communications, remarkable 

capacity enhancements may be achieved in certain environments relative to single-antenna systems. In 

a non-line of sight (NLOS) environment with rich multipath, the capacity potential is typically very good, 

but in a line of sight (LOS) environment with a high Rician -factor, the capacity improvement may be 

severely limited or almost disappear. The objective of the research described in this dissertation has 

been to develop a more thorough understanding of the capacity limitations of MIMO in a LOS 

environment and explore methods to improve that capacity. It is known that for a LOS link with a given 

range, an optimal antenna configuration, which usually involves large antenna spacings, can be 

computed to maximize the capacity. A method is here proposed for achieving near-maximum MIMO 

capacity in LOS environments with suboptimal array configurations. Suboptimal arrays may include small 

antenna spacings and/or arrays rotated off normal. The method employs single-antenna full-duplex, 

amplify-and-forward relays, otherwise known as "wireless repeaters." We have designated this concept 

repeater-assisted capacity enhancement (RACE) for MIMO. Potential applications include tower-

mounted or building-top cellular backhaul and high-speed wireless bridge links (explored in Chapter 5) 

and ground-to-air sensor network backhaul links and base-to-mobile links in a cellular configuration 

(explored in Chapter 7). 

We have analyzed this concept in simulation for point-to-point and point-to-multipoint links and 

have found the following critical parameters for system design and deployment: orientation, antenna 

spacing, and antenna patterns of the transmit (TX)/receive (RX) MIMO arrays; and position, noise figure, 

TX/RX isolation, and antenna patterns associated with the repeater(s). Simulation results for an  

MIMO link demonstrate nearly a factor of  improvement in capacity relative to a single-

input single-output (SISO) link using  optimally placed wireless repeaters supporting the link. 
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Other portions of analysis presented include the development of a determinant-based metric 

for capacity ( ) and an exploration of upper and lower bounds of capacity as a function of . The 

position of repeaters is analyzed theoretically and a metric introduced based on  intended to quickly 

and intuitively determine optimal positions for repeaters assisting a given MIMO link based on TX/RX 

node steering vectors. 

Chapter 2 gives an overview of the origin of the problem explored here and a discussion of 

ǊŜƭŜǾŀƴǘ ǊŜǎŜŀǊŎƘ ǳǘƛƭƛȊŜŘ ōȅ ƻǊ ǊŜƭŜǾŀƴǘ ǘƻ ǘƘŜ ŀǳǘƘƻǊΩǎ ǎǘǳŘƛŜǎΦ Chapter 3 explores the optimal form of 

a MIMO channel matrix and lays the foundation for much of the subsequent investigations. In 

developing this framework, a determinant-based metric is introduced, whose relationship to the 

capacity is explored theoretically in Chapter 4. Chapter 5 introduces a repeater-assisted concept for 

improving MIMO capacity in a LOS environment and explores repeater position and other system 

parameters for a 2x2 point-to-point link. Chapter 6 extends this analysis to a general  link 

supported by  repeaters and introduces a general positioning metric. Chapter 7 extends the 

analysis of Chapter 5 to consider a point-to-multipoint link. Chapter 8 discusses conclusions. 

Novel contributions described in this work include: 

1) a novel development of the optimal form of a MIMO channel matrix; 

2) the development of a determinant-based metric ( ) for analyzing MIMO capacity; 

3) a theoretical analysis of upper and lower capacity bounds as a function of ; 

4) a repeater-assisted capacity enhancement (RACE) method for enhancing LOS MIMO capacity; 

5) a detailed simulation-based analysis of repeater position using RACE for a given point-to-point 

link configuration; 

6) a theoretical analysis of repeater position for a general  MIMO link; 

7) a position-based metric and method of repeater placement; and 
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8) an investigation of RACE for point-to-multipoint links with a discussion of the impact of system 

parameters on coverage size and robustness.  
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Chapter 2: Origin and History of the Problem 

2.1. LOS MIMO 

MIMO technology has been revolutionary in its ability to increase capacity and/or improve the 

robustness of a wireless communication link. Originally conceived in the mid-1990s, MIMO 

communication research became a field of intense interest following the publication of [2] in 1998 that 

demonstrated, from an information theory perspective, phenomenal capacity improvements using 

multiple antennas at both ends of a communication link relative to single-antenna links. In that seminal 

paper, capacities were derived for multiple-ŀƴǘŜƴƴŀ ǎȅǎǘŜƳǎ ōŀǎŜŘ ƻƴ {ƘŀƴƴƻƴΩǎ ǿƻǊƪ ƛƴ [1]. For 

channel gain coefficients derived from zero mean independent identically distributed (i.i.d.) complex 

Gaussian random variables (i.e. Rayleigh fading), ergodic capacities are found to far exceed those of SISO 

systems by approximately a factor of , where  is the smallest value of the number of antennas for one 

of the nodes in a point-to-point link. In other words, using an  system where  is the number of 

RX antennas,  the number of TX antennas, and , the capacity relative to a 1x1 (SISO) 

system can potentially be improved by approximately a factor of  [2-3]. 

A basic diagram of a 4x4 MIMO system is shown in Figure 1. Each TX antenna couples some 

amount of energy to each RX antenna through direct line-of-sight, scattering, reflections, diffraction, 

and so on, such that the net effect is a single complex channel gain for each TX/RX antenna pair 

assuming a flat-fading channel. Although some analyses consider the effect of frequency-selective 

channels [4-6], many rely on narrow signal bandwidths, orthogonal frequency-division multiplexing 

(OFDM), or other assumptions to limit the analysis to flat fading. A channel matrix (often denoted ) is 

composed of these  complex gains such that a system equation may be written as , 

where  is the  received signal vector,  is the  transmitted signal vector, and  is the  
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RX noise term. From this system equation, it may be observed that the channel matrix  must be full 

rank if one desires to recover  from . 

MIMO 

Receiver

MIMO 

Transmitter

RX 

Antennas

TX 

Antennas
Wireless 

Channel

Channel 

Matrix (H)  
Figure 1. 4x4 MIMO System Diagram. 

To achieve such high capacities over a MIMO link relative to a SISO system, MIMO technology 

usually relies on statistically uncorrelated channel coupling in order to effectively retrieve the 

multiplexed transmitted data. This statistical independence assumption may be valid in an environment 

where a large number of multipath copies of the transmitted signals are coupled into the RX antennas, 

which yields the common Rayleigh fading assumption. Channels that experience high correlation 

between channel gain coefficients are usually thought to have lower capacities. LOS channels have often 

been included in this category because their channel gains are highly inter-dependent and they often 

ŜȄǇŜǊƛŜƴŎŜ ŘŜƎǊŀŘŜŘ ŎŀǇŀŎƛǘƛŜǎΦ IƻǿŜǾŜǊΣ άŎƻǊǊŜƭŀǘƛƻƴέ Ŏŀƴƴƻǘ ǇǊƻǇŜǊƭȅ ōŜ ŀǇǇƭƛŜŘ ǘƻ ǘƘŜǎŜ ŎƘŀƴƴŜƭǎ 

since they are increasingly deterministic as the Rician -factor increases, with channel gains based 

almost solely on the physical configuration of the link. Although low capacities are common in LOS, a 

substantial body of research concludes that certain configurations can achieve the maximum capacity 

[7-19] by ensuring the channel matrix is full rank. One result is the derivation of an optimal inter-
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element antenna spacing [9-11] for a giǾŜƴ ƭƛƴƪΩǎ ǊŀƴƎŜ ŀƴŘ ŦǊŜǉǳŜƴŎȅΦ ²ƘŜƴ ǘƘŜ aLah ŀǊǊŀȅǎ ƘŀǾŜ ǘƘƛǎ 

optimal spacing, the channel is orthogonalized and the maximum MIMO capacity is achieved. This 

spacing, however, may be quite large for some applications as the range between transmitter and 

receiver grows. 

2.2. LOS Channel Matrix Study 

In support of such research, the author has explored optimal forms for a LOS channel matrix, 

which serve to explain how phase differences resulting from path length difference can improve the 

multiplexing gain [18]. This analysis is outlined in Chapter 3. This chapter also discusses how a channel 

matrix for a given configuration may be altered by designing an appropriate phase response for the 

ǎȅǎǘŜƳΩǎ ŀƴǘŜƴƴŀǎΦ Such a phase response would serve to enhance the capacity gains achieved by an 

appropriate configuration based on the results of the previously cited studies. The design of such a 

phase-constrained antenna array is left as an open problem to the research community. 

2.3. Repeaters for MIMO Capacity Enhancement 

The author further proposes ǘƘŜ ǳǎŜ ƻŦ ǿƛǊŜƭŜǎǎ ǊŜǇŜŀǘŜǊǎ ƻǇŜǊŀǘƛƴƎ ŀǎ άŀŎǘƛǾŜ ǊŜŦƭŜŎǘƻǊǎέ ǘƻ 

achieve the desired phasing of the channel response and improve the richness of the multipath 

environment [19], and explores the concept through modeling and simulation in Chapters 5-7. The use 

of these repeaters effectively reduces the Rician -factor without blocking the LOS component, thus 

making the channel matrix orthogonal, when implemented properly. This concept may serve to improve 

the MIMO capacity for configurations with suboptimal inter-element antenna spacings. 

2.4. Current Repeater Usage 

Repeaters are typically used in cellular, WiFi, and other wireless applications to extend the range 

of coverage or to illuminate areas that would otherwise have weak signal reception because of blockage 

or other fading problems [20-27]. In such configurations, the repeater may 1) mix the signal it receives 
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to another channel or band before it relays it, 2) buffer the signal in time and use a second time slot to 

relay the signal (half-duplex repeater), or 3) relay the signal on the same frequency at the same time it 

receives it (full-ŘǳǇƭŜȄ ǊŜǇŜŀǘŜǊύΦ ¢Ƙƛǎ ǘƘƛǊŘ ǘȅǇŜ ƻŦ ǊŜǇŜŀǘŜǊ ƛǎ ǎƻƳŜǘƛƳŜǎ ŎŀƭƭŜŘ ŀƴ άƻƴ-frequency 

ǊŜǇŜŀǘŜǊέ ŀƴŘ ǿƛƭƭ ōe considered for this analysis. 

An important parameter of repeaters is isolation, which specifies the attenuation in the 

ŦŜŜŘōŀŎƪ ǇŀǘƘ ŦǊƻƳ ǘƘŜ ǊŜǇŜŀǘŜǊΩǎ ƻǳǘǇǳǘ ǇƻǊǘ ǘƻ its input port. The first two repeater types listed above 

use frequency and time to ensure sufficient TX/RX isolation so that the repeater gain necessary for 

ŜŦŦŜŎǘƛǾŜ ƻǇŜǊŀǘƛƻƴ ǿƻƴΩǘ ŎŀǳǎŜ ǘƘŜ ǊŜǇŜŀǘŜǊ ǘƻ ōŜŎƻƳŜ ǳƴǎǘŀōƭŜΦ ²ƘƛƭŜ ǘƘŜǎŜ ǘȅǇŜǎ ŎƻǳƭŘ ōŜ 

considered, the use of extra time and/or spectrum would reduce the effective capacity of the system. 

With on-frequency repeaters, other means must be used to ensure sufficient isolation. Spatially 

separated directional antennas (one for relay input, one for relay output), circulators, and obstructions 

may be used for this purpose. Some studies have proposed using a repeater that injects a low-power 

signal into the relayed signal, which can be used to estimate the feedback channel. This estimation can 

then be used to back off the amplifier gain or attempt to filter out the feedback path to ensure stability 

[24-25]. Other methods have also been proposed to enhance the isolation by filtering the feedback 

channel using gain dithering and microelectromechanical systems (MEMS) reconfigurable parasitics [26-

27]. 

2.5. Cooperative Communications 

The type of repeater we propose for use Ƙŀǎ ŀƭǎƻ ōŜŜƴ ŎŀƭƭŜŘ ŀ άŦǳƭƭ-duplex amplify-and-forward 

ό!Cύ ǊŜƭŀȅέ ƛƴ ǘƘŜ ŎƻƴǘŜȄǘ ƻŦ ŎƻƻǇŜǊŀǘƛǾŜ communications. Cooperative communications is a relatively 

new field of research [28-42] that assumes cooperation among the nodes in a network in order to share 

antennas and create a άǾƛǊǘǳŀƭ aLah ŀǊǊŀȅ.έ If implemented properly, such cooperation may enable a 

single-antenna node to dramatically increase the diversity of the link to its intended receiver by 

leveraging other nodes, which act as relays. Although the earliest information theory research on 
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cooperative diversity was based on full-duplex relaying [28-29], almost all of the more recent work 

assumes half-duplex relays [30-31]. In particular [32-34] address a problem similar to the case 

investigated here: that of using AF relays to assist a rank-deficient MIMO channel, but they also assume 

half-duplex operation. Half-duplex operation has been assumed necessary because sufficient isolation 

for full-duplex operation is considered too difficult to achieve [35]. In rich multipath environments 

consistent with Rayleigh fading channel coefficients, on-frequency relay isolation will certainly be 

difficult if not impossible to achieve because of the coupling through the multipath. 

In the proposed analysis, however, we restrict our attention to free-space channels or Rician 

channels with a high K-factor, such as might be encountered in building-top or tower-mounted long-

distance MIMO microwave links. For such applications, the use of directional antennas on the repeater 

(or relay) is reasonable and sufficient measured isolations are available [20-22]. 
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Chapter 3: Analyzing the Channel Matrix Form 

The author began to investigate the problem of limited MIMO capacity in a LOS environment by 

exploring the channel matrix form to determine what might be done to influence the channel to yield a 

higher MIMO capacity [18]. The following analytical model is used for the investigation. 

The Shannon capacity of a MIMO system [2] is given by 

 (1) 

where  is the average received signal to noise ratio (SNR),  and  are the number of transmit and 

receive antennas respectively, and  is the normalized channel matrix. The operator  denotes 

Hermitian transpose. The normalization (see Appendix) is given by 

 (2) 

where  is the actual channel matrix,  is a statistical expectation operator, and  indicates the 

Frobenius norm operator. This formulation for normalizing  assumes that the TX power is fixed, but 

the RX power varies as the channel response varies. 

From (2), it follows that 

 (3) 

for all , where  is the  element of . 

 can be broken down into its LOS and NLOS components as follows [17]: 

 (4) 

where  is the Rician -factor of the channel and is given by the ratio of the power in the LOS portion of 

the signal over the power in the NLOS portion. 
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 has elements of unit magnitude and phase determined by the link geometry while  

has independent Rayleigh distributed elements whose real and imaginary parts are normally distributed 

with zero mean and variance of 0.5 to satisfy the constraint in (3). Consider the case where  is 

sufficiently large that we can effectively ignore . In this case, the only thing that can make  

nonsingular initially appears to be the phase delay because of the path length difference from two TX 

antennas to one RX antenna or vice versa. As the range increases for a fixed array size, this effect 

becomes negligible and multiplexing gain is severely degraded. This analysis in part seeks techniques 

apart from the well-established array geometry methods for overcoming this limitation. 

3.1. LOS MIMO 

Notice that maximizing the capacity (1) is nearly equivalent to maximizing the determinant of 

, denoted , given a sufficiently large SNR. Maximizing  is equivalent to 

maximizing the absolute value of the determinant of , denoted , if  is square. We will 

consider square channel matrices for the rest of this chapter. To illustrate this association, a scatter plot 

is produced in Figure 2a from statistical simulations showing capacity versus  for a 4x4 link with 

an average receive SNR of 20dB. Points on this plot were realized using a NLOS channel with 

independent Rayleigh fading for all antenna pairs. Compare this trend to that of the condition number 

of the channel matrix, which has been used as a metric in some capacity studies [43-45]. Figure 2b 

shows the inverse of the condition number vs. capacity for the same NLOS realizations used to produce 

Figure 2a. 
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a) Capacity vs. Determinant       b) Capacity vs. Inverse condition number 

Figure 2. Determinant and inverse condition number vs. Capacity for 4x4 with SNR = 20dB. 

While there is a trend in both of the plots, it is much clearer for Figure 2a. The condition number 

is obviously a weaker metric for considering capacity than . For a 2x2 system, there is no 

difference, but for higher values of , the condition number considers the largest and smallest singular 

values of  and discards the rest. The other singular values contain useful information that is exploited 

by the determinant. 

3.2. IŀŘŀƳŀǊŘΩǎ aŀȄƛƳǳƳ 5ŜǘŜǊƳƛƴŀƴǘ tǊƻōƭŜƳ 

The problem of maximizing the capacity may then be placed in the context of maximizing 

. Jacques Hadamard showed that , where  is an -by-  matrix with 

complex elements inside the unit disk [46-47]. This constraint is valid for a purely LOS channel matrix 

since  for all  as K . The upper bound of  can be achieved by an  

Vandermonde matrix whose elements are composed of the  complex -order roots of unity [48], 

given as 

 (5) 
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This matrix is also known as an  discrete Fourier transform (DFT) matrix. However,  is not 

unique in achieving the upper bound. Any unitary transform of  will also achieve the bound. 

Consider unitary matrices  and : 

 (6) 

9ȄŀƳǇƭŜǎ ƻŦ ǳƴƛǘŀǊȅ ǘǊŀƴǎŦƻǊƳǎ ƛƴŎƭǳŘŜ άǇŜǊƳǳǘŀǘƛƻƴέ ƳŀǘǊƛŎŜǎ ǿƘŜǊŜ Ǌƻǿǎ ƻǊ ŎƻƭǳƳƴǎ ƻŦ  are 

ǎǿŀǇǇŜŘ ŀƴŘ ǊƻǿκŎƻƭǳƳƴ άǊƻǘŀǘƛƻƴǎέ ǿƘŜǊŜ ŀ Ǌƻǿ ƻǊ ŀ ŎƻƭǳƳƴ ƛǎ ƳǳƭǘƛǇƭƛŜŘ ōȅ ŀ ŎƻƳǇƭŜȄ ƴǳƳōŜǊ ƻŦ 

unit magnitude. In general, Hadamard observed that any matrix that satisfies  

 (7) 

will achieve the upper bound [47]. This may be shown by considering 

, which leads to . This constraint leads to a nice relationship between 

the ideal MIMO and SISO capacities in a purely LOS channel. 

Theorem: Given an  LOS MIMO channel matrix  such that  (7), and a 

LOS SISO channel gain  such that , then . 

Proof:  Then, 

 (8) 

 

 

(9) 

This relationship between MIMO and SISO capacity is approximately true for a NLOS channel 

with independent Rayleigh fading, but exactly true for an infinite -factor channel when  is of the 

optimal form. This result can also be found in [49], though the derivation is different. 
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3.3. A Geometric Interpretation 

A geometric interpretation of this maximization problem is illustrated as follows: Let  

be the singular value decomposition (SVD) of the  . Then, 

 (10) 

ǿƘŜǊŜ ǘƘŜ άέǎ ǊŜǇǊŜǎŜƴǘ ǘƘŜ  singular values of . 

However, given that all of the elements of  have unit magnitude, then the trace may be 

rendered as 

 

 

(11) 

The off-diagonal elements inside the trace expression in X(12)X ŀǊŜ ƴƻǘ ŎƻƳǇǳǘŜŘ ŀƴŘ ŀǊŜ ƭŀōŜƭŜŘ άbκ!έ 

(not applicable) since ǘƘŜȅ ŘƻƴΩǘ ŀŦŦŜŎǘ ǘƘŜ ǘǊŀŎŜΦ ¢ƘŜse results lead to the constraint 

 (12) 

Also note that 

 (13) 

The problem of maximizing  then is a problem of maximizing the volume of an -

dimensional rectangular parallelepiped whose sides have lengths equal to the singular values of  

. The maximum distance between any two vertices is fixed at  (12), so the volume is 

maximized when all of the sides are of equal length, i.e.  =  for all . Notice that such a constraint 
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yields a condition number of unity, which has previously been demonstrated to coincide with 

maximizing MIMO capacity [43]. 

!ƭǘƘƻǳƎƘ ǘƘŜ ǳǎŜ ƻŦ ǘƘŜ ŘŜǘŜǊƳƛƴŀƴǘ ŀǎ ŀ ƳŜǘǊƛŎ ŀƴŘ ǘƘŜ ŀǇǇƭƛŎŀǘƛƻƴ ƻŦ IŀŘŀƳŀǊŘΩǎ ǿƻǊƪ ǘƻ 

MIMO theory was derived independently, the author afterward discovered a somewhat similar analysis 

done by Larsson in [49]. However, the present analysis offers a more complete discussion and different 

perspective, including a comparison of the determinant with the condition number and the preceding 

geometric interpretation discussion. 

3.4. A 2x2 Example 

Applying (5) to a 2x2 system, the ideal channel matrix has the form 

 (14) 

Using two unitary transforms, the matrix is altered: 

 (15) 

One way to achieve this response would be for the receive antennas to have a far-field response 

with opposite phase slopes. Neglecting the effect of path length difference, the phase has to change 90o 

over a very small incident angle dictated by the geometry of the link. Consider a configuration where the 

array normals face one another, as depicted in Figure 3. In this configuration, the angle over which the 

phase must change by 90o is given by . 

 
Figure 3. A 2x2 MIMO configuration example. 
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