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Summary

The objective of this research work is to develop an e cient rathodology for chip-package
cosimulation. In the traditional design ow, the integrated circuit (IC) is rst designed
followed by the package design. The disadvantage of the cemtional sequential design
ow is that if there are problems with signal and power integity after the integration of
the IC and the package, it is expensive and time consuming tamdyack and change the
IC layout for a di erent input/output (I0) pad assignment. T o overcome this limitation,
a concurrent design ow, where both the IC and the package amesigned together, has
been recommended by researchers to obtain a fast design ates The techniques from this
research work will enable multiscale cosimulation of the ghand the package making the
concurrent design ow paradigm possible.

Traditional time-domain techniques, such as the nite-di erence time-domain method,
are limited by the Courant condition and are not suitable fochip-package cosimulation. The
Courant condition gives an upper bound on the time step thatan be used to obtain stable
simulation results. The smaller the mesh dimension the snat is the Courant time step. In
the case of chip-package cosimulation the on-chip struces require a ne mesh, which can
make the time step prohibitively small. An unconditionally stable scheme using Laguerre
polynomials has been recommended for chip-package cosemioh. Prior limitations in
this method have been overcome in this research work. The amfted transient simulation
scheme using Laguerre polynomials has been named SLeEC,clstands for simulation
using Laguerre equivalent circuit. A full-wave EM simulato has been developed using the
SLeEC methodology.

A scheme for e cient use of full-wave solver for chip-packag cosimulation has been
proposed. Simulation of the entire chip-package structuresing a full-wave solver could be
a memory and time-intensive operation. A more e cient way ido separate the chip-package
structure into the chip, the package signal-delivery netwd, and the package power-delivery
network; use a full-wave solver to simulate each of these dilea subblocks and integrate
them together in the following step, before a nal simulatio is done on the integrated

network. Examples have been presented that illustrate theethnique.



1 Introduction

The consumer demand for electronics products with more futn@nality, better performance,
smaller size, less weight, and lower cost has given rise tamerous issues in signal integrity
and power integrity. As more functionality is integrated ina package, there is more commu-
nication between the chips, resulting in larger number of put/output (10) pins and more
interconnects to be routed. With smaller spacing between éhinterconnects, there can be
signi cant crosstalk, causing the product to fail. The endkss requirement for faster speed
has created smaller rise times and fall times on the order oicpseconds. This has pushed
the frequency spectrum into the GHz range. Faster signalirgeates voltage uctuations on
the power-distribution network that can cause false switadhg of logic circuits. The current
in interconnects and on its return path creates regions of sath and large electromagnetic
(EM) elds. Chips placed at the locations of high EM eld expeience loss in signal quality
due to EM coupling. With every next generation integrated ccuit (IC), the voltage levels
are scaled down to reduce power dissipation and transistailire. As a result, the noise
tolerance is becoming smaller.

ICs making up a system, together with passive components atige power-distribution
network, are interconnected together in a package. A layoutf a generic Intel PC system is
shown in Figure 1 [1]. The chip marke®2975X MCH which is known as theNorthbridge is
connected to the graphics, the processor and the memory chiplhe chip marked82801GR
ICH7R, which is known as theSouthbridge is connected to the slower IO chips. The various
ICs making up the Intel system can be e ciently organized as anultichip module, similar
to the con guration shown in Figure 2. The IC and the package d not exist independently,
and therefore, in order to be able to evaluate the performaamf the system, cosimulation
of the chip and the package is needed. For example, the noisengrated on the package
a ect the ICs and vice versa.

According to the International Technology Roadmap for Sembnductors (ITRS) 2005
[2], one of the challenges in future packages is to develophapepackage cosimulation tool
to analyze signal integrity and power integrity. It is beconng di cult to predict failures

due to the lack of tools capable of chip-package cosimulatidor accurate evaluation of
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Figure 1: A generic Intel PC system.

system performance. Signal and power-integrity problemsate resulted in a longer design
cycle time. Failures that can be detected at the simulationelel rather than at the product
prototype level can save cost and time. Accurate modeling the@ds and tools play a key
role in noise prediction. With tools that perform a systemdvel simulation, the number
of design iterations that are needed to successfully creaéeworking prototype, can be

drastically reduced. Smaller design cycle time reduces toss well as decreasing the time

Chip-Package Cosimulation

Chip Simulation

Package Simulation

Figure 2: A multichip module.



required to deliver a product to the consumer. The objectivef this research is to develop

an accurate, time-e cient, and memory-e cient technique for chip-package cosimulation.

1.1 Development of CAD Tools

CAD tools are indispensable in the development of any eleotric system for today's market.

The Intel microprocessor family from the years 1970 to 2008 shown in Figure 3 [1]. What

is often neglected is the importance played by CAD tools in #hprogress. Initial processors
contained limited number of transistors and were hand craéd. With increasing number

of transistors and more integration of digital and analog, mdern electronic design without

the aid of CAD tools is unthinkable.
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Figure 3: The Intel processor family and CAD tools.

CAD tools play di erent roles such as optimization of logic,automatic placement and
routing of transistors, time/frequency-domain simulatiom for noise prediction. They reduce
the product development time and help create better desigrthat work more e ciently.
Most of the CAD tools have a certain domain where they can be pled. Some tools
operate purely at the chip level, while others only at the p&age level. A drawback of this
approach is that there is no feedback between the two. The sei generated by the parasitics
of the package structures can cause the chip to fail. The olsjeve of this thesis is to develop
simulation methodologies in the time and frequency domairotenable cosimulation at the

chip and the package levels.



A traditional sequential design ow of an IC and a package ish®wn in Figure 4 [3]. In
the sequential design ow, the chip is rst designed followe by the package design based
on the 10 pad assignments of the IC. A disadvantage of this appach is that the problems
that occur due to the integrated chip and the package go undetted until the nal stage.
The reason for using this type of design ow is because of thack of CAD tools that are
available in order to be able to design both the chip and the giage in parallel.

The recommended package-aware design ow is shown in Figir¢3]. In this paradigm,
both the package and the chip are planned concurrently to ems signal and power-integrity
closure. The advantage of this approach is that potential ghal and power-integrity issues
that can occur within the chip, the package, or as a result ofhe integrated chip and the
package, are detected early in the design stage. Making clgass to the design in the early
stages is much easier, faster, and more cost e ective. Pagkaaware integrated-circuit design
results in a faster product turnaround time. The simulationmethodologies developed in
this thesis can be applied to perform chip-package cosimtitan at the design stage, thereby
making the package-aware design- ow possible.

The multiscale feature of the chip-package structure makésdi cult to use conventional
tools for simulation. The on-chip structures require a veryne mesh, while a coarse mesh
can be used for the package structures. The large variation the mesh dimensions, as
well as the ne mesh, make the simulation time and the memoryequirement prohibitively
large. In this thesis, an e cient simulation methodology that uses Laguerre polynomials
for simulation has been developed. Several test cases haeeib simulated that show the
advantage of using the Laguerre polynomials based scheme rfaultiscale simulation over

the conventional methods.

1.2 Common Signal and Power-Integrity Problems Present in a

Chip and a Package

A list of some of the parasitics at the chip and the package lels is shown in Figure 6.

1. Non-ideal power-ground structures:

The transient current that is drawn by switching logic circuts from a power-ground
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plane produces simultaneous switching noise (SSN) due toetmon-ideal planes in
the power-distribution network. A cross section of a poweground plane is shown in
Figure 7. The transient current drawn from a chip is modeledyba current source. An
ideal voltage supply is also connected to the power-groundape. A typical waveform
at some point on the power-ground plane markegrobeis shown in the gure. Rather
than an ideal constant voltage, noise voltage on the order dfindreds of millivolts,
known as simultaneous switching noise (SSN), is typicallyr@sent for chips operating
in the GHz range. Power-supply noise can cause problems sashfalse switching in
logic circuits [4]. Power grids on the chip are also non ideahd increase the noise
voltage [5]. On-chip and package decoupling capacitors grkaced to minimize SSN [6].
Simulators should also be capable of including passive coomgnts such as capacitors,

inductors and resistors, which are almost always present.

2. Re ections due to imperfect terminations:
Terminations in interconnects that are not matched to theircharactersitic impedances
will result in problems such as ringing and re ections [4]. Tese re ections degrade

the performance of the driver and the receiver ICs that are t#ched to the net.

i. On-chip SSN, e. Accurate delay | d. Different interconnect
interconnect model in configurations
coupling long traces (microstrip,strip)

f. Solder bump/

wirebond

parasitics
a. Parasitics of
powet/ground
plane pairs

h. Lossy dielectric,

interconnects

g. Large number of c. Via/Via coupling
interconnects parasitics

Figure 6: Common signal and power-integrity problems presein a package.
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Figure 7: Simultaneous switching noise (SSN).

3. Parasitics of via, solder-bump, package leads, wireband
Solder bumps, leads, and wirebonds are interfaces betweée thip and the package.
In addition to carrying signals between the chip and the paelge domains, their par-
asitics generate signi cant noise degrading the performaa [7] [8]. Via parasitics are
also critical to accurately estimate the noise voltage lele The parasitics may cause

re ections, which can introduce ringing in the waveform.

4. Interconnect parasitics:
Interconnects are modeled using cascaded lumped elememposed of inductors (L),
capacitors (C), resistors (R, G) and mutual inductance. Casded lumped element
model for transmission lines based on R,L,G,C per unit lenigtmatrices for multicon-
ductor transmission lines is given in [9]. The loss in the ietconnects and substrate

attenuate the signal as it propagates in the channel.

1.3 Proposed Research

The objective of the proposed research is to develop a traest simulation methodology for
chip-package cosimulation. The solver should be capablesolving large practical problems;
it must be fast and accurate; the techniques should be robutst model structures of di erent
types of con gurations. Based on the proposed research thalbwing research work has been

completed:

1. Transient simulation using Laguerre polynomials
Transient simulation using Laguerre polynomials is uncoritionally stable and there-

fore, has the advantage of not being limited by any time stepLaguerre FDTD has



shown to be 70 80 faster than the conventional FDTD scheme. For chip-package
cosimulation, the on-chip structures require a very small esh making the time step
prohibitively small for simulation using the conventional nite-di erence time-domain
scheme. Since Laguerre FDTD is unconditionally stable, isiideally suited for chip-
package cosimulation. Since its introduction, several modations have been made to
the algorithm. The new methodology has been named SLeEC arntdrgds for simula-

tion using Laguerre equivalent circuit.

. Simulation for any length of time
The limited time duration for which Laguerre FDTD could be simulated has been

resolved, so that Laguerre FDTD can now be done for any lengtif time.

. Companion model of the FDTD grid
An equivalent circuit model of the FDTD grid has been develogd, reducing the

number of unknowns to be solved without the use of long cumisme equations.

. Transient circuit simulation using Laguerre polynomials
Laguerre FDTD has been applied to circuit problems consisty of passive circuit

components such as inductors with mutual inductance, resiss, and capacitors.

. Choosing the correct number of basis coe cients
Transient simulation using Laguerre polynomials requiresding the correct number
of basis coe cients to accurately represent the time-domai waveform. A numerical

way by which the correct number of basis functions are choséas been proposed.

. Full-wave EM simulator using the SLeEC methodology
A 3D time-domain EM simulator that uses Laguerre polynomia for transient simu-
lation has been developed. A variety of test cases have beengated to demonstrate

the advantage of using this tool for chip-package cosimulan.

. Obtaining frequency-domain parameters through time-dormmasimulation
A way by which frequency-domain parameters can be obtainedom time-domain
simulation has been proposed. Results show that time-domavrindowing is necessary

before conversion to frequency-domain parameters to oltaihe right results.

9



8. E cient use of full-wave solvers for chip-package cosimuii@an

For chip-package cosimulation, rather than using a full-we solver to simulate the

entire structure, the structure can be partitioned into di erent blocks and a full-

wave solver can be applied to each of these blocks separateResults from each of

these blocks can be integrated together to model the compestructure. The on-

chip structures have been simplied to a great extent. The mposed technique has

been demonstrated for package power-ground planes and gk interconnects. The

following tasks have been completed:

(a) Modeling of microstrip lines referenced to a power-groundgne

(b)

A microstrip-line con guration is shown in Figure 8. Given tvo-port frequency-
domain parameters of a microstrip line, which has ports loted at the near end
and the far end of the microstrip, as well as two-port frequary parameters of
the power plane, which has ports located at the near-end reéece and the far-
end reference of the microstrip, an admittance matrix modeio integrate the

interconnect and the power plane has been developed. The twort admittance

matrix model has been generalized to an N-port model that cére used to model
N coupled microstrip lines referenced to a power-ground mpla. To demonstrate

scalability, a 64-bit bus referenced to a power-ground plarhas been simulated.

Modeling of a conductor-backed coplanar-waveguide stiuret

It is common for interconnects to be routed on the same layesdhe power or a
ground plane, by creating a slot on the plane and routing thenterconnect in the
slot, as shown in Figure 8. The interconnect and the power-gqund plane-pair
form a conductor-backed coplanar-waveguide structure. @n such a con gu-
ration, the frequency parameters of the interconnect are tdined separate from
those of the power plane. The two sets of frequency parameteare integrated
together using multiconductor transmission line theory. Agood correlation be-
tween Sonnet and the proposed model has been obtained over a wide bandvaidt
of 8GHz.

10



(c) DC Analysis with frequency-domain parameters
A method has been developed to include DC sources along witeuency-domain
parameters in transient cosimulation of package intercomets and package power-
ground planes. Augmenting the transient simulation methodo include DC op-
erating point has been completed. A transmission line exan&p showing a good

match with ADS® has been accomplished.

(d) Memory optimization for linear transient simulation with airrent sources
Memory can be reduced signi cantly for linear transient simlation with transient
current sources. The memory complexity can be reduced fro®(N?2) to O(N),

whereN is the number of ports in the frequency-domain parameter bb&.

1.4 Dissertation Outline

Conventional time-domain solvers are limited by an upper hmd on the time step that can
be used to obtain stable and accurate simulation results. Thlimit in the time step, known
as Courant time step, is a major bottleneck for chip-packageosimulation. With small
mesh dimensions required for on-chip structures, the timeéep can become prohibitively
small. Transient simulation using Laguerre polynomials isinconditionally stable and is
not limited by the Courant time step. Prior limitations have been overcome and the en-
hanced methodology is called SLeEC and stands for simulatizuising Laguerre equivalent
circuit. SLeEC can be applied to both 3D EM simulation and liear transient circuit simu-
lation. Circuits composed of resistors, inductors (with mwal inductance), capacitors, and
linear voltage/current sources can be simulated using SLEE Transient simulation results

show excellent correlation between the proposed technigaed the traditional EM/circuit

Case 1: Microstrip Configuration Case 2: Coplanar Wavequide

/

/—
Vdd, vdd,

//

znd Gnd

Figure 8: A microstrip and a conductor-backed coplanar-waguide con guration.
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simulators.

For chip-package cosimulation, rather than using a full-wae solver to simulate the entire
structure, the structure can be partitioned into di erent blocks and full-wave solver can be
applied to each of these blocks separately. Results from kax these blocks can be integrated
together to model the complete structure. The on-chip struares have been simpli ed to
a great extent. The proposed technique has been demonstitior package power-ground
planes and package interconnects. The methodology is memercient and scalable to large
problems. The technique can be used for frequency-domaindatime-domain simulation of
package structures. Examples showing the scalability of ith technique to realistic test
cases are given. The technique permits the use of complex dimear driver models in the
simulation. A memory optimization technique for linear syeems, which also results in faster
simulation, has been proposed.

The remainder of this thesis is organized as follows: The @ methodology is given in
Chapters 2-6; 3D EM test cases showing good correlation betewn the conventional FDTD
scheme and the SLeEC methodology is presented in Chapter rfgrisformation from time-
domain to frequency-domain parameters is given in Chapter, &llowed by e cient use of

full-wave solvers for chip-package cosimulation in Chapt®.
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2 Transient Simulation Using Laguerre Polynomials

2.1 Introduction

The nite-di erence time-domain (FDTD) scheme has been a ulguitous method for tran-
sient electromagnetic (EM) analysis [10] and circuit simation [11]. The main drawback
of FDTD is the Courant-Friedrich-Levy (CFL) condition, which will be referred to as the
Courant condition, that limits the time step that can be usedto obtain stable and accu-
rate simulation results. In EM analysis, the smaller the mdsdimension, the smaller is the
Courant time step [10]. In mathematical form, the Courant codition for EM simulation is
1 1 2 1 2 1 2" 2

t < —_—  + — + — X (1)
Vimax X y z

wherevnax IS the maximum phase velocity of the wave propagation,x, vy, and z are the
smallest mesh dimensions in the, y, and z directions [10]. The time-step limit for numerical
stability can be derived using dispersion analysis [10]. Aisimary of the derivation in [10]
is given in the appendix in Chapter 12.

In transient circuit simulation of passives such as resists, inductors, and capacitors, the
maximum allowable time step is a function of the smallest ingctor and capacitor values [12].

p—
t < I—min Cmin (2)

Courant-like condition for stability in the circuit domain is given in Equation 2, where. i
and C,,, are the smallest inductor and capacitor values in the circui

The Courant condition is a major bottleneck in using FDTD forchip-package cosimula-
tion. Multiscale dimensions in a chip-package structure ishown in Figure 9. The on-chip
structures are in thenanometer scale, the solder pads typically have a diameter of 50 ,
the package interconnects are in the 108 range, and the package structures, such as the
power-ground planes, are in thenm scale. The on-chip structures that are in thexm range
would require a ne mesh for simulation, making the time stegrohibitively small.

An unconditionally stable implicit-FDTD scheme using Lagerre polynomials has been
proposed in [13]. The method presented in [13] will be refed to as the Laguerre-FDTD

scheme in the rest of this document. Laguerre FDTD is uncortenally stable and therefore,
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Figure 9: Multiscale features in a chip-package structure.

the time step is not limited by the Courant condition. It has been shown in [13] that
Laguerre FDTD can be 80 100 faster than the conventional FDTD scheme. Since
transient simulation using Laguerre polynomials is uncoritibnally stable, it is ideally suited
for chip-package cosimulation.

The following modi cations and additions to the original Laguerre-FDTD scheme in [13]

have been made in this research work:

1. The limited time duration for which Laguerre FDTD could besimulated has been

resolved, so that Laguerre FDTD can now be done for all time dation.

2. An equivalent circuit model, which is also known as eompanion modelof the FDTD
grid has been developed, reducing the number of unknowns te bolved without the

use of long cumbersome equations.

3. Laguerre FDTD has also been applied in transient simulath of circuits consisting
of passive circuit components, such as inductors with mutuanductance, resistors,
and capacitors. The companion models for these componentghich allow easier

implementation, have also been developed.

4. In Laguerre FDTD, the time-domain source waveforms arepeesented in the Laguerre
domain by a set of Laguerre coe cients. The source coe cierg are used to solve for
the unknown values in the Laguerre domain. The output of int@st is converted back

to the time domain from the Laguerre domain to obtain the trasient waveform. To
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obtain maximum accuracy, the right number of coe cients hago be used to generate
the time-domain waveform. A numerical way by which the cor number of basis

coe cients are chosen has been proposed.

Each of these modi cations are explained in detail after thalgorithm has been presented.
The new and improved algorithm has been named SLeEC, whictaats for simulation using

Laguerre equivalent circuit.

2.2 The SLeEC Alogrithm

SLeEC can be applied to linear transient circuit simulationas well as time-domain elec-
tromagnetic simulation. In circuit simulation, SLeEC can fe used in transient analysis of
linear passive components such as resistors, capacitorgjuctors, mutual inductance, volt-
age sources, and current sources. In electromagnetic siatidn, SLeEC can be used for
transient analysis instead of the traditional leap-frog $eme.

The owchart of the SLeEC methodology is shown in Figure 10. Aummary of the

Time-domain source Laguerre-domain
waveform representation
FDTD/circuit
companion model
<]
I
=}
o
3
DC analysis
Time-domain output DC values of the
waveform output

Figure 10: The owchart of the SLeEC methodology.

methodology is given in this paragraph, followed by a det&tl explanation of each of the
steps. The rst step is to convert the input source waveformfrom time domain to Laguerre
domain. A time-domain waveform can be represented in the Lagrre domain by a set of co-

e cients. The next step is to replace the (1) capacitors, indctors, mutual inductance, in the
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case of circuit simulation and (2) the FDTD grid, in the case electromagnetic simulation,
with their respective companion models. The companion moldean the time domain for an
inductor and a capacitor is given in [14]. The companion mottein the Laguerre domain for
the FDTD grid, resistors, capacitors, and mutual inductane are derived in this thesis. The
companion models in the Laguerre domain are made up of resis, current sources, voltage
sources, and controlled sources. A DC analysis is done onaedach of the basis coe cients
that represents the input waveforms. Although multiple inut waveforms maybe present,
they can all be taken into account in a single DC analysis. Athe end of each of the DC
analyses the companion models are updated before the next R@alysis. The DC solution
represent the Laguerre basis coe cients of its corresponaj time-domain waveform. In the
companion model of the FDTD grid for EM simulation, the nodalvoltages are mapped to
electric- eld coe cients and the branch currents to magnetc- eld coe cients. The nal
step is to convert the DC values for the output of interest to he time domain. Detailed
explanation of each of these steps is given in the followinglsections.

It is worth mentioning earlier that the DC values do not have b be saved at each
iteration. Once the companion models are updated at the end each iteration, there is no
need to save the DC solution. Only the DC values for the outpudf interest needs to be

saved at the end of each iteration, making the algorithm memyp e cient.

2.2.1 Transformation from time domain to Laguerre domain

Laguerre polynomials are de ned recursively as follows [[t3

Lo(t) = 1; 3)
Li(t)=1 ¢ (4)
pLp(t)=(2p 1 t)Lp o() (p DLy 2(t); forp 2 )
Laguerre polynomials satisfy the relationships
z 1
0 I U(t)I V(t)dt = UV; (6)
u(t) = e TALu(Y); (7)
t=s t (8)
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In Equations 6 - 7,t is the real time multiplied by a scaling factors, as shown in Equation
8. The actual time scale for which the simulation is run is vgr small. To make the
basis function work, the real time is multiplied bys to scale the magnitude to the order
of seconds.' (t) is Laguerre polynomialL weighted by the exponential functione ©2, as
given in Equation 7. A Laguerre polynomial weighted by the gonential function satis es
the orthonormal property of basis functions given in Equatn 6. , in Equation 6 is the
Kronecker delta function. The weighted Laguerre polynomia for ordersp=0to p=4 are

shown in Figure 11 [13].
1
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Magnituds
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41
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Figure 11: Weighted Laguerre polynomials for orderg=0to p=4.

A triangular waveform with a rise/fall time of 10 ps, and a dedy of 10 ps is shown
in Figure 12. The triangular waveform, W(t), can be represented as a sum of weighted
Laguerre polynomials as

B(N
W)= W, p(t): (9)
p=1

In Equation 9, W, represents thep" coe cient of the p" basis function' ,. W, can be

obtained using the orthonormal property of basis functionand is given in Equation 10.
Z 1

Wp= W e (10)

The dotted curve in Figure 12 is the original triangular waveorm and the solid curve is

the waveform reconstructed using 200 coe cients of the Lagure basis functions. The two
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waveforms in Figure 12 are indistinguishable. The rst 200a® cients of the basis functions

are shown in Figure 13. The scaling factor used to construdie waveform iss =3:0 102,

2.2.2 Companion Models

The second step is to replace the FDTD grid, or the passive cpionents in the case of circuit
simulation, with their respective Laguerre companion mode SLeEC requires solving a
system of linear equations of the formAx = bto obtain the unknown p" Laguerre basis
coe cients. These equivalent circuit models enable the usef stamp rule in modi ed nodal
analysis to set up and solve the matrix, thereby making the iplementation easier [14]. The
popular Spice simulator uses modi ed nodal analysis for sufation. Therefore SLeEC can
be seamlessly integrated with Spice to do transient circdEM simulation using Laguerre
polynomials. In addition, as explained in Chapter 5, the copanion models help reduce the
dimension of the matrix to be solved without the use of long ahcumbersome equations.
Companion models are composed of resistors, independent dependent voltage/current
sources. Detailed derivation of the models for circuit/EM isnulation are given in Chapter 4
and Chapter 5. As a preview, the companion model for a 1D FDTDrigl is shown in Figure
14. Vertical bars in the grid representE, elds and representH, elds. The grid is
terminated using the perfect electric conductor (PEC) boudary condition. Nodal voltages
represent theE, elds and branch currents represent theH, elds. The PEC boundary
condition can be represented in the companion model by a shaircuit, as shown in the

gure.

2.2.3 DC Analysis

To obtain the p" Laguerre basis coe cients of the unknown values, a DC analigsis done
once on the companion circuit model. The DC solution represethe Laguerre basis co-
e cients of their corresponding time-domain waveform. At the end of the DC analysis,
the solution is used to update the companion model before ginig for the (p+ 1) basis
coe cients. The two-step process of updating the companiomodel and solving the ma-
trix is repeated until enough coe cients have been obtainedo accurately represent the

time-domain waveform for the output of interest.
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Figure 12: The original (dots) and reconstructed (solid) iengular waveform using Laguerre

basis functions.
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Figure 13: The coe cients of basis functions for the trianglar waveform in Figure 12.
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Figure 14: The companion model for a unit cell in a 1D FDTD grid

Two important points to be noted are (1) There is no need to saithe entire DC solution
at every iteration. Once the companion model is updated, tihe is no need to store the DC
solution for the next iteration. Only the coe cients for the output of interest need to be
saved. (2) TheA matrix when solving Ax = b stays constant throughout the iterations.
Only the b matrix is updated at every iteration. Therefore,LU decomposition for solving

Ax = bneeds to be done only once.

2.2.4 Transformation from Laguerre domain to time domain

The nal step is to convert the Laguerre-domain coe cients © time domain for the output
of interest. This is done using Equation 9. In order to maxinzie the accuracy, the right
number of basis coe cients must be used to generate the tim#gemain waveform. The

methodology for choosing the correct number of basis coeents is given in Chapter 6.

2.3 Advantages of Laguerre Polynomials

There are several reasons why Laguerre polynomials is atiteve over other orthogonal

polynomials:

1. Transient simulation using Laguerre polynomials is uncalitionally stable.

2. Laguerre polynomials allows a simple method for choositige correct number of basis
coe cients to obtain maximum accuracy when generating its erresponding time-

domain waveform.
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3. When solving forN Laguerre basis coe cientsf Wy; Wq; i ; Wy 10, the dimension

of the matrix to be solved is independent oN .

4. Although a matrix of the form Ax = b is solved to obtain thep™ Laguerre basis
coe cients, the A matrix is independent ofp and LU-decomposition has to be done

only once when solving for theN coe cients fWy; Wq; i Wy, i Wy 10

5. There is no need to save the DC solution at every iterationOnce the companion
model is updated, there is no need to store the DC solution fahe next iteration.
Only the coe cients for the output of interest need to be savd. In this respect,

Laguerre polynomials makes the algorithm memory e cient.

6. And most important of all, it works well. A good correlation has been obtained with

FDTD for all of the test cases that have been simulated.

2.4 Summary

Transient simulation using Laguerre polynomials is uncoritibnally stable. The Laguerre-
FDTD scheme was proposed in [13]. Several modi cations to éhLaguerre-FDTD scheme
have been made in this research work. The improved simulatiaonethodology has been

named SLeEC, which stands for simulation using Laguerre agalent circuit.
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3 Simulation For Any Length of Time

3.1 Introduction

A major drawback of the Laguerre-FDTD methodology in [13] ishat the transient simu-
lation can be performed only for a limited time duration and annot be done for all time.
There are two reasons for this limitation: the rst reason ighe nature of the Laguerre basis
functions and the second reason is the nite precision of theomputer making it impossi-
ble to represent very large numbers or very small numbers. d&lorate explanations of the
reasons for the limitation will be followed by a solution thaallows simulation for all time
duration.

The rst reason for the limitation is due to the nature of the basis functions. The
Laguerre basis functions for ordep =0 4 are plotted in Figure 11. As shown in the gure,
the basis functions approach 0 astends to1 . Therefore, any time-domain waveform that
is spanned by these set of basis functions also goes to @ sends to 1 . Structures that are
lossless or have a low loss cannot be simulated accuratelgdgse the elds can be nonzero
for a long period of time.

The second reason for the limitation is the nite precision bthe computer. A Laguerre
basis function of orderp is an exponentially decaying function multiplied by thep" Laguerre
polynomial. The exponential function quickly decays to O ah beyond a certain time the
exponential function is treated exactly as 0. Laguerre pailpmials become very large with
increasing time. Beyond a certain time, the numbers becomery large to be represented
with the limitation of nite precision and is represented asInf in the IEEE 754 oating-
point standard. Consequently, beyond a certain time pointhe basis function is represented

as 0 Inf or NaN, not a number.

3.2 An Example to Demonstrate the Limitation

An example where Laguerre FDTD is unable to capture the tramsnt response beyond
some time is presented in this paragraph. A lossless resonaavity containing the elds

Ex; Ey; and H, that is terminated with PEC boundary is shown in Figure 15. A nodulated
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Gaussian source waveform with the same parameters as [13]3sd as thel, current source
and is placed along the vertical dashed line in Figure 15. Theumber of cells used to mesh
the structure is 10 10. TheE, eld at the location marked probe between 1%s and 2Ins
is plotted in Figure 16. Theoretically, since the cavity isdssless, the elds must never
decay to 0. The solid waveform has been obtained using the lesgre-FDTD scheme and
the dots by the conventional FDTD scheme. Since the basis faiions go to 0 ast tends to
1 , the solid waveform starts to decay to 0, as shown in the gureThe abrupt termination
of the solid waveform, which is indicated by the box, occursug to the limitation of nite

precision, as explained in the previous paragraph.
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Figure 15: A 2D box with PEC boundary.

3.3 A Solution to Overcome the Limitation

The solution to overcome this limitation is to divide the total simulation time into di erent
intervals. Let Interval | span from timet = to to t = t4, Interval Il span from timet = t;
tot = t,, and so on, as shown in Figure 17. The length of each interva chosen such
that simulation can be accurately performed in that time duation. The nal values at
the end of Interval i are used as initial conditions to simulate in Interval ( + 1). This
process is repeated until the time duration for which the siolation needs to be done is
completed. The companion models for circuit simulation anBM FDTD simulation, which

will be presented in Chapters 4 and 5, include initial condibns to enable restarting a
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Figure 17: The total simulation time is divided into di erent intervals.

simulation. The di erential equations that describe the transient behavior of a system have
been modi ed to explicitly include initial conditions that will permit simulation for all time
duration. The SLeEC algorithm that is presented in Chapter 2 is applied in each of the
time intervals.

It must be noted that Laguerre-MNA does not require storing khnodal voltages and all
branch currents from the series of DC analysis that has beerfiormed. At the end of each
DC analysis, once the companion models have been updatederth is no need for saving
the solution. The only solution that needs to be stored at thend of each DC analysis is
the solution of the output for which the transient waveform § to be observed, which is a

constant amount of memory.
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3.4 Computing the Final Values at the End of an Interval

The nal values at the end of an interval, e.g. Intervali, must be computed in order to use
these values as the initial conditions in the next time interal, Interval (i +1). For example,
the initial condition for a capacitor is the initial voltage across the capacitor and the initial
condition for an inductor is the initial current through the inductor. Not all the coe cients,
i.e. the DC solution for the voltage across a capacitor and éhcurrent through an inductor
need to be saved to compute the nal value at the end of a timeterval. At the end of each
DC analysis, the contribution ofp" Laguerre basis coe cient (\/,) to the nal value of the
transient waveform at the end of a time-interval {;) can be computed by using Equation
11.

value(t; ) = value(t; ) + W' p(str) (11)

value(ty) is rst initialized to O, before using Equation 11. By usingEquation 11, the
coe cients of the DC solution need not be saved in order to copute the nal value of a

guantity at the end of a time-interval.

3.5 Examples of Simulation Using Initial Conditions

An LC circuit is shown in Figure 18. The values for L and C areriH and 1pF, respectively.

InH

m V(t)
—
i(t)
— IpF

Figure 18: The circuit for transient simulation with initial conditions.

The initial conditions are the voltage across a capacitor ahthe current through an inductor
at time t = 0. The initial current through the inductor, i1(0), is -8.12 mA and the initial
voltage across the capacitor, V(0), is 0.18 V. The transiergimulation waveforms ofV (t)

generated using 200 Laguerre basis coe cients and 400 coéents are shown in Figure 19
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and Figure 20, respectively. Note the abrupt termination othe waveform around @ns in
Figure 20. Simulation beyond this time requires restartinghe simulation again with the
new initial conditions.

As a second example, for the structure shown in Figure 15, tisamulation time of 7.5ns
is divided into two intervals, 5ns and 1.5ns.E(t) at the location marked probe in Figure
15 for Interval | is shown in Figure 21. The solid line has beeobtained using SLeEC and
the dots is from the conventional FDTD scheme. The time-scalfactor used in Interval |
iss=7:0 10'° The nal values of the elds at the end of Interval | are used a initial
conditions for simulation in Interval 1l. The transient waveform for Interval Il is plotted in
Figure 22. The value of the time-scale factor used for the sitex Interval Il is s = 7:56 10,

The number of basis coe cients used is 400 for Intervals | and.

3.6 Summary

The Laguerre-FDTD scheme proposed in [13] has the bottletkeof being able to simulate
only for a limited time duration. This limitation has been owercome in SLeEC. The total
simulation time is divided into di erent intervals. At the e nd of an interval, the simulation

is restarted using the nal values in the previous interval a initial conditions.
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4 Companion Models for Circuit Simulation

4.1 Introduction

SLeEC can be used for linear transient simulation of circtstmade up of inductors with
mutual inductance, capacitors, and resistors. The advangg of SLeEC is the unconditional
stability by which signi cant speed up can be obtained overhe conventional time-domain
schemes that are limited by the Courant condition. In the semd step of the SLeEC
algorithm, shown in Figure 10, the circuit components are pdaced by their respective
Laguerre-domain companion models. Companion models for arductor, capacitor, and

mutual inductance are derived in Chapters 4.2, 4.3, and 4.5.

4.2 The Companion Model of an Inductor

The Thevenin and Norton forms of the companion model for an ductor of value L is shown
in Figure 23. Thestructure of the companion models are the same for both an inductor as

well as a capacitor. The current through the inductor at timet is i(t). The initial current

L C
yA m VB oyA ’ VB
+ = - + |k, 5
i, i(0) VA VAR()
Thevenin
V,;‘ Rg".j;‘wp_'[' Vilzd.-‘cup.T \.;".'II'.\l.L";IP.l Vj
L e S e T
— .
Ip
Norton
Rindfcap.N
4 I'f].ll'|{|.-'\.‘-E!D_|\
VP- VPB
ip Iinda’cap.N in
©

Figure 23: The Thevenin and Norton forms of the companion metl for an inductor or a

capacitor.
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through the inductor is i(0) and the direction of the current ow is marked by the arrovs
shown in the gure. The voltages at Node A and Node B arg”(t) and VB (t), respectively.
Vvt and V2 represent thep™ basis coe cients of the voltagesv” (t) and V8 (t), respectively.
The p™ basis coe cient of the branch currenti is marked asiy.

In the Thevenin form, an inductor is replaced by a resistor irseries with two voltage
sources. The voltage source marked,ing=cap: 1S @ function of the initial current through

the inductor and represents the initial condition. The vale of the series resistor is
Ring:r = 0:5Ls; 12)

wheres is the time-scale factor and the subscrip stands for Thevenin. The value of the
rst voltage source is a function of the previous DC results fothe branch currents. The

value of the rst voltage source is

X 1
Vingt = LS Ik (13)
k=0;p 1
In the rst DC analysis that is done for p = 0, Vipg.r IS set to 0. The value of the second
voltage source is

Vo;ind;T = Lsi (0): (14)

The rest of the chapter presents the mathematical derivatioof the companion model.

The voltage across the inductor is given by

VA VB = L% Li (0) (t): (15)

The time varying current and voltages,i, VA, and VB, can be written as a sum of Laguerre

basis functions as

. >4 .
= Iq" q(t) (16)
q=0
b
VA= VA () (17)
q=0
b3
VB = VB () (18)
g=0
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The variablesiq; VA

4 and VqB are the d" basis coe cients of the current and voltages. |

is the " basis function de ned in Equation 7 andt is the scaled time de ned in Equation

8. The time derivative of U can be written in the Laguerre domain as [13]

du d X
o T odat Ug' q(t)
q=0
X X1
= s 0:5U, + Uc ' g(t): (29
g=0 k=0;q 1

Substituting Equations 16-18 in Equation 15 and using the tne-derivative relationship in

Equation 19, Equation 20 can be obtained.

X X % Xt _
VA o(8) VE ()= Ls  O5ig+ i " 4t) Li(0) () (20)
g=0 g=0 q=0 k=0:q 1

Multiplying Equation 20 by ' ,(t), integrating over time [0;1 ], and using the orthonormal

property of basis functions given in Equation 6, Equation 2tan be obtained.

X 1
V) VP =Ls 05ip+ ik  Lsi(0) (21)
k=0;p 1

In deriving Equation 21, Equation 22 is used when integration the delta function term.
Z 1

. (1) p(dt =" p(0) = s (22)

Equation 21 can be represented in the Thevenin form by a regisin series with two voltage
sources with the values given in Equations 12-14.
Equation 21 can be rearranged to obtain a Norton representah. Solving fori, in

Equation 21, Equation 23 can be obtained.

xl
vV V) 2 i (23)

. . 1
|p:2|(0)+ O— p
) k=0;p 1

5Ls

The Norton representation of the companion model for an inador is a resistor and two
current sources, all in parallel con guration. The Norton epresentation is shown in Figure

23. The value of the resistor term is
Ring:n = 0:5Ls: (24)
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The value of the current source that represents the initialandition is

The value of the second current source that is placed in palal with the other components
is
X 1
lingn =2 K (26)
k=0;p 1
Using KCL and KVL equations it can be veri ed that the companbn models satisfy

Equations 21 and 23.

4.3 The Companion Model of a Capacitor

The companion model of a capacitor in the Thevenin and Nortoforms are also shown in
Figure 23. The voltage across the capacitor at timeis VA8 . The initial voltage across the
capacitor of value C isV#® (0) and the polarity of the voltage is shown in the gure. V*
and VpB represent thep basis coe cients of the voltagesVA(t) and VB (t), respectively.
The p™ basis coe cient of the branch currenti is marked asiy.

The Norton form of the companion model for a capacitor is twowrent sources and a
resistor placed in parallel, as shown in Figure 23. The cumesource marked! o;ind=cap:n IS @
function of the initial voltage across the capacitor and resents the initial condition. The
value of the parallel resistor is

1
Reapn = =———; 27
N = 0:5sC 27)
where s is the time-scale factor. The value of the rst independent wrent source is a
function of the previously solved DC nodal voltages acroské capacitor. The value of the
current source is
X1 X1
Icap;N = SC VkA VkB . (28)
k=0;p 1 k=0;p 1

The value of the current source that represents the initialandition is given by
lo;capin = sCVA® (0): (29)
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The derivation of the companion model of a capacitor is sinait to an inductor. The current
through a capacitor is given by

dvAB
dt

i=C CV”8(0) (t): (30)

The time-domain current and voltages can be written in term®f the Laguerre basis func-
tions that are given in Equations 16-18. Substituting thesento Equation 30, using the
time-derivative relation in Equation 19, multiplying both sides by’ (t), integrating over
time [0; 1 ], and using the orthonormal property of Laguerre basis futions given in Equa-
tion 6, Equation 31 can be obtained.
X1 X1
ip=0:5sC(V*  V7)+ sC VA Vs sCV*B (0) (31)
k=0;p 1 k=0;p 1

In deriving Equation 31, Equation 22 is used when integratop the delta function term.
Equation 31 can be represented in a Norton form by a resistond two current sources, all
in parallel, as shown in Figure 23.

Equation 31 can be rearranged to obtain a Thevenin represation of the companion

model. Solving foerA VpB in Equation 31, Equation 32 can be obtained.

1 X1 X1
(VAR VARE mi +2VAB(0) 2 vA V2 (32)
) k=0;p 1 k=0;p 1

The Thevenin represention for the companion model of a captr is a resistor in series
with two voltage sources. The value of the resistor is giveryb

1

Ryt = —— - 33
T = 0:5sC (33)
The value of the voltage source that represents the initialondition is given by
Vocapt = 2V*8 (0): (34)
The value of the second voltage source is given by
X1 X1
Veapr = 2 VA VA (35)
k=0;p 1 k=0;p 1

Using KCL and KVL equations it can be veri ed that the companbn models satisfy

Equations 31 and 32.

33



4.4 Transient Simulation of Inductor and Capacitor (LC) Cir cuits

The series LC circuit, which is shown in Figure 24, was simuéd using the SLeEC method-
ology given in Figure 10. The companion model for the circuih Figure 24 is shown in
Figure 25. The input to the circuit is a triangular waveform wth a 10ps rise/fall time

and a delay of 1@s, as shown in Figure 12. The value used for the time-scale factis

InH IpF

Transient
Source 5

Figure 24: A series LC circuit.

Is \T‘Ik 0.5sC
iy 0.5Ls e A
JVAVAY. ¢ ) '7
DC e [ )
Fon gl SOME N — o
vy <|) Toso S
#0571

Figure 25: The companion model for the circuit in Figure 24.

s =3:0 10 The transient voltage across the capacitor, using 200 bastoe cients, is
plotted in Figure 26. The solid line has been obtained usingtBEC and the dotted curve
is the result from a commercially available circuit-simuleor tool called WinSpice®. The
simulation results show a good match up to:@2ns. By increasing the number of basis
functions to 400, a good match is obtained up to:Bns, as shown in Figure 27. The solid
curve abruptly terminates around 05ns. As mentioned earlier in Chapter 3, simulation will
have to be restarted using initial conditions for longer sioiation.

The second example is an LC network with 102 nodes that is shown Figure 28. The

values of the capacitors and inductors arenE and InH, except for the capacitors connected
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at Nodes 101 and 102 and the inductor connected between Nod64 and 102, which arefF
and IfH . The presence of the small valued capacitors and inductorsresiderably reduces
the time step resulting from the Courant condition. SLeEC, Wwich is unconditionally stable,
has a signi cant advantage over FDTD. Simulation of this cicuit using FDTD for 100ns
requires over 10 10 iterations, but simulation using SLeEC needs only 400 itet@ns.

The simulation results are plotted in Figure 29. The dotted arve has been obtained
using WinSpice€ and the solid curve is by using SLeEC. The input waveform is aiangular
input with a rise/fall time of 4 ns and a delay of hs. The time-scale factor used is =
3.0 10.

4.5 The Companion model for Mutual Inductance

In this section, the companion model for inductors with mutal coupling is derived. Two
inductors, L1 and L2 with coupling M, is shown in Figure 30. Tk voltages across the
inductors areV; and V, whose polarities are as shown in Figure 30. The direction dig
current through the inductors is given in Figure 30. Using th dot convention the voltages

across the inductors including initial conditions are give by

di di i )
Vi = L1$+ M g L1i1(0) (1) Mi(0) (1) (36)
Vo= MO LS ML) (0 Laia(0) (0 (37)

In Equations 36 and 37,i1(0) and i,(0) are the initial current through the inductors at
time t = 0. The Laguerre-domain equations, Equations 38 and 39, e¢esponding to the
time-domain di erential equations, Equations 36 and 37, aabe obtained using a procedure

similar to Chapters 4.2 and 4.3.
! !

Xt X1
VP =sL; 05if+ iX  sLii;(0)+ Ms 0:5i5+ i% Msi,(0)  (38)
k=0;p>0 | k=0;p>0 I
Xt Xt
VP =sL, 055+ i5  sLai(0)+ Ms 0:5i)+ iX  Msiy(0)  (39)
k=0;p>0 k=0;p>0

Equations 38-39 can be represented using the Thevenin modélown in Figure 31. The
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Figure 28: An LC network.
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Figure 31: The companion model for mutual inductance in the Aevenin form.

values of the resistors are given by

Ra =0:5L;s (40)
Rg = 0:5L,s: (42)

The current-controlled voltage sources are

VECVS = 0:5Msi? 42
A 2

VeCVS = 0:5Msih: (43)
The independent voltage sources, which represent the iraticonditions, are

Vit = | ;si1(0)  Msi,(0) (44)
Vit = L,siy(0)  Msiq(0): (45)

The independent voltage sources, which represent tinstory terms, are

Xt Xt
Vi = sk, iX+ Ms i% (46)
k=0;p>0 k=0;p>0
X1 X1
Vit = s, i5+ Ms iX: (47)
k=0;p>0 k=0;p>0
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The companion model in the Norton form can also be obtained.oing for i} and i} in

Equations 38 and 39

. 2 Xt oo 2M . M, 2m X'
iP= VP 2 i +2i,0)+ S=i,(0) —if i5 (48)
Lis k=0;p>0 L1 L L1 om0
1 1
. 2 . . 2M M, 2M X°
b= VP 2 i5+20p(0)+ T=in(0) il T i1 (49)
L,s Lo L> Lo
k=0;p>0 k=0;p>0

Equations 48 and 49 can be represented in the Norton form asosin in Figure 32. The

Ga Gg
o
IE o L0005
/ \1 ¥ | B s '\\
.|I—P ." ‘—p. }
i T - S
= T — = 3 —
iy )4 5 2
4 f— — |
.--._,-"’ %, el
" B
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Figure 32: The companion model for mutual inductance in the dfton form.

values of the conductances are given by

2
Ga= — 50
S (50)
2
Gg = —: 51
5= T (51)
The current-controlled current sources are
M.
18608 = —if (52)
L,
M.
15 = —if: (53)
L,
The independent current sources that represent the initiatonditions are
ini . 2M .
A" =2i,(0) + L—lz(o) (54)
1
ini . 2M .
Ig" =2i,(0)+ L—|1(0)3 (55)
2

39



The independent current sources that represent thieistory terms are

X 1 M X 1
IN= 2 i% . i% (56)
k=0;p>0 1 k=0;p>0
X 1 M X 1
1= 2 i% T iX: (57)
k=0 :p>0 2 k=0;p>0

Using KCL and KVL equations it can be veri ed that the circuit models in Figure 31 and
32 satisfy Equations 38-39 and Equations 48-49.

4.6 Summary

The Laguerre-domain companion models for an inductor, mu&liinductance, and a capaci-
tor have been derived in this chapter. These models can be dge do transient simulation

using Laguerre polynomials using the Spice simulator.
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5 Companion Models of the FDTD grid for EM Sim-

ulation

5.1 Introduction

The companion models of the FDTD grid in 1D, 2D, and 3D are dexgd in this section. By
using the companion models, the number of unknowns in the mat to be solved can be
reduced without the use of long and cumbersome equations. & scompanion models enable
the use of Spice to do transient EM and circuit simulation usg Laguerre polynomials. The
1D, 2D, and 3D companion models for the FDTD grid are derivediChapters 5.2, 5.3, and
5.4,

The Maxwell's equations in the di erential form consists ofthe following set [10] and

are summarized here for convenience:

@4 _ 1 @5 @&

@ @z ey (8)

These set of equations can be conveniently represented gsthe equivalent circuit model
developed in Chapter 5.4.

A note on the accuracy of transient EM simulation using Laguee polynomials compared
to the conventional time-domain scheme. FDTD is second-cedaccurate in both the spatial
and the time domain [10]. The spatial discretization is theane in both SLeEC and FDTD.
Therefore SLeEC is also second-order accurate in the spatimain. In the time domain,
however, in an ideal situation when an in nite number of basi coe cients are used, Laguerre

FDTD and SLeEC are exact solution without any approximatios. Since a nite number
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of basis coe cients are used in the simulation, the exact solion is approximated. It will
be shown in Chapter 6 that a time-domain response is very séh& to the number of
coe cients that are used to generate it. It will be demonstraed later through test cases
that more number of coe cients does not mean results with beéer match with the FDTD
scheme. There is no range for the number of coe cients that vatd give a good agreement
with the FDTD results. To obtain an optimal match with the FDT D scheme, the number
of basis coe cients that must be used should be a specic nundy and the methodology
to determine this number is explained in detail in Chapter 6. The optimal number of
coe cients to generate the time-domain response varies witevery test case, as well as
between dierent probe locations within any particular te$ case. Numerous test cases
have been simulated to verify the proposed algorithm for cleging the optimal number of

coe cients.

5.2 1D FDTD

A 1D FDTD grid is shown in Figure 33. The only elds present areH, and E,. The
positions of the electric elds are marked by and those of the magnetic elds are shown by
. The boundary conditions on either side of the grid are perdeelectric conductor (PEC)

boundary conditions.

The companion model of the FDTD grid is described before thesdvation. The circuit
model of a unit cell in an FDTD grid in terms of resistors, indpendent voltage sources, and
independent current sources are given by the second sub guin Figure 33. At the end of
the " DC analysis, the nodal voltages and branch currents repregehe " Laguerre basis
coe cients of the electric elds and the magnetic elds, repectively. The value of theq™"
Laguerre basis coe cient of the electric eldE,j! is represented by the nodal voltage marked
V;* and the magnetic elds on either side of,j!, Hyj! ,_, and HJji.1-,, are given by the
branch currentsl * ,_, and | %, _,, respectively. The circuit model of the unit cell is cascade
to represent as many unit cells as needed. The model is termiad by a short circuit on
both the sides to represent the PEC boundary conditions. Merelaborate discussion on the
implementation of di erent types of boundary conditions isgiven in Chapter 5.5. The nodal

voltages represent electric- eld coe cients and the shortircuit forces the nodal voltage to
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Figure 33: The companion model for a unit cell in an FDTD grid.

be zero, therefore modeling a PEC boundary. The values of tkemponents are

S X
Rl = 2
Xl
i 12 = 2HY" Ji 12 2 HJji 1=
k=0;9>0
2
R =
TH ”
239 L .
Vry = SZJ' 2 EXji +2EM;,
k=0;g9>0

(64)

(65)

(66)

(67)

, represent the material properties of the medium, x is the unit-cell dimension, H,"™

and EI" are the initial conditions of the electric and magnetic eld at the location marked

by their subscripts, ands is the time-scale factor given in Equation 8. The remainingestion

presents the derivation of the circuit model.

Maxwell's equations with initial conditions in 1D can be writen as

@K : _1@E
ot Hy(;0) (t) = T @x
@E . _ 1@y
"ot Ez(r0) (1) = - “@x J;
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Hy(; 0) and E,(*; 0) are the initial values of the magnetic and electric elds @aposition +.
(t) is the Dirac delta function. Hy(¥;t); E,(+t), and J,(+;t) can be written as the sum of

N Laguerre basis coe cients given by

D( 1
Hy(5t) = HJ(H)' q) (70)
=0
X 1
E.(rt)=  EJ(H) o) (71)
J(rt)= (P 1) (72)
g=0

Substituting Equations 70-72 into Equations 68-69, usinght time-derivative relationship
given in Equation 19, and by applying the orthonormal propdy of the Laguerre basis

functions given in Equation 6, the following equations canéobtained:

X1 .
Hljis1=2= 2 H)I/(ji+1=2 +2H;,mtji+1=2+s Efiis1  EJii (73)
k=0,0>0
Edi= 2 X BN, +2EM i+ —2_ HY HJj 2 39 74
i = z)i 2 it o Hylim= Hyli2 =70 (74)
k=0;9>0

In deriving Equation 73-74, Equation 75 is used when integiag the delta function term.
Z 1

. (1) p(dt = 8" ,(0) = s (75)

The circuit model of the FDTD grid in Figure 33 satis es Equatons 73-74. The PEC
boundary condition dictates that the electric eld be zero ér all the Laguerre coe cients.
This is taken care of by ashort circuit, forcing the electric- eld Laguerre coe cients to be
0.

The matrix to be solved can be set up using the stamp rule [14The unknowns to be
solved are the nodal voltage¥,® and the currents through the independent voltage sources
Vi, . One possible way of reducing the matrix dimension that needto be solved is by
substituting Equation 73 into Equation 74, so that the only unknowns that needs to be
solved are the coe cients of the electric elds. However, tfs procedure is very cumbersome

due to the length of the equations that needs to be manipulade An easier approach is to

44



convert the Thevenin representation of the circuit, lookig into the circuit marked by the

double arrow, into a Norton form as given by the third sub gue in Figure 33.

Rn = Rtu (76)
Vq

19 = _TH 77

N RTH ( )

In the Norton representation, the only unknowns are the nodavoltages, which map to the
electric- eld coe cients. The branch currents that represent the magnetic- eld Laguerre
coe cients can be obtained from the solved nodal voltages i®(1) time using KCL and KVL

equations. The companion model is updated using th@" DC solution before performing

the (g+ 1) DC analysis.

5.3 2D FDTD

A 2D FDTD grid with H;; E4, and Ey elds is shown in Figure 34(a). As mentioned earlier

. .“_,(_N_@_N Via 2.5+1
N i

\ 7
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- Vig |is1 202
. j)/ | 1 II)-—h@—m\/\AH— Vi,
: L 1 A

Vrg lieizg

Tigi22102

I’f:_j—l 2

.‘;‘_l_#

R

(@) A 2D FDTD Girid. (b) The circuit model for the 2D FDTD grid.

Figure 34: The companion model for the 2D FDTD grid.

in Chapter 3, transient simulation using Laguerre polynonails must be restarted at the end
of a time interval. Initial conditions must be included in the di erential equations to enable

restarting the simulation. Time-domain Maxwell's di erential equations without including
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the initial conditions are given in [13]. Including initial conditions, similar to the 1D case,

the Laguerre representation of Maxwell's equations for th2D case, consists of the following

set:
E?J};ﬁ% ZE;/mtji;p% = C>I<El-i;j ngi+%;j+% Hi Li+i
2 Xt
S_J)%i;j+% 2 Eylij+1 (78)
k=0;g>0
E)?ji+%;j 2E>i<nitji+%;j = C)I/Eji;j ngi+%;j+% quji+%;j %
Xl
2 Efjnyy (79)
k=0;9>0
quji+%;j+% 2H;nit ji+%;j+% = C>|<-|ji;j E)?ji+1;j+% Eyji;j +1
1
+C3}/_{ji;j E)?]H%;j +1 E)?ji+%;j 2 H;(ji+%;j+% (80)
k=0;q9>0
where
2
Cyliij = 81
v li Sij Y &)
2
Celij = 82
i =g (82)
2
Cljij = ———— 83
x Jiij S5 X (83)
Clijij = ———— 84
v i S Y (684)

The two sub gures in Figure 34(b) represent the circuit modeof the unit-cell shown in
Figure 34(a). The nodal voltagesVij +1-> and Vii1j+1=, in the rst sub gure in Figure
34(b), represent theq" Laguerre electric eld basis coe cients, Efij +1=2 and Eflji+1 412,
respectively. The nodal voltages/.1-p; and Viy1-;+1, in the second sub gure in Figure
34(b), are theq™ Laguerre electric eld coe cients Efji+1=p; and Egji+1 =1, respectively.
The branch current markedli;1-;j+1-, are the same values in both the sub gures and

represent theq" Laguerre magnetic eld coe cient H%i.; -2j+1=2. The values ofR; and
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Vrhjij+1=2 are

R, = CE (85)
- 2 X1

Vrulij == 2B fijer S hllier 2 Eyiij+1 (86)

k=0;0>0

The values ofR; and Vryjiv1—; are
Ry = CJ (87)
X 1
V1 jis1=2; :2E>I<mtji+%;j 2 E>I<(ji+%;j: (88)
k=0;9>0

Equations 85-86 model Equation 78; Equations 87-88 model i&dion 79. The values of

IvaI;l, IvaI;2, Ival;3, R3, and I:24 are

» X1
lvai;1 = 2H£mtji+%;j+% 2 H;(ji+%;j+% (89)
k=0:g>0

lvai:2 = C;* Visi=2j+1 Visi=2; (90)
lva:a = Cf' Vijraz2  Visrje= (91)

1
Rs = 92
3= Cn (92)

1
R4 = @: (93)

Equations 89-93 model Equation 801,,.2 and |43 in Figure 34(b) are shown by dotted
circles and are voltage-controlled current sources that gple the two circuits together. It
can be veried from KCL and KVL equations that Equations 85-@ represent Equations
78-80.

The number of unknowns that needs to be solved using MNA can leduced by con-
verting the Thevenin representations into the Norton equilents. Looking into the circuit
marked by the double arrowshown in Figure 34(b), the Thevenin circuit can be converted
into the Norton model using Equations 76-77 in Chapter 5.2. e number of unknowns
can also be reduced by substituting Equation 80 into Equaties 78-79, such that only the
electric- eld Laguerre coe cients need to be solved [13]. blvever, this is a lot more cum-

bersome than converting from the Thevenin to the Norton equalent circuit form. It should
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be noted that both of these methods to reduce the number of un&wns result in the same
matrix dimension. However, reducing the unknowns by the Thenin-Norton conversion is

much simpler.

54 3D FDTD

The standard FDTD Yee cell is shown in Figure 35 [28]. The cressections of the FDTD

Figure 35: The standard Yee cell.

cell at the locations marked by the dotted lines in Figure 35ra shown in Figure 36. These
represent the cross sections as viewed by standing on thd +of y, x, and z axes and
facing the Yee