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of the medianfilter, which is used for preliminary processing in most Artifact Reduction for Set Theoretic Super Resolution
of the state-of-the-art impulsive noise filters. Our first tests on sytmage Reconstruction with Edge Adaptive Constraints and

thetic and natural images demonstrated thapiek-and-valleyilter Higher-Order Interpolants
and themediarfilter have comparable performances. Thediarfilter
is slightly better than thpeak-and-valleyilter at detecting/correcting Andrew J. Patti and Yucel Altunbasak

noisy pixels, but on the other hand it tends to alter more true pixels.
Nevertheless, even if the amount of true pixel alterations is signifi- _ _
cant (more than 63% for theedianfilter was recorded), the average Abstract—in this paper, we propose to improve the POCS-based super-

. resolution reconstruction (SRR) methods in two ways. First, the discretiza-
change is rather small (no more than 11 were recorded). In some 10f the continuous image formation model is improved to explicitly allow

plications this degradation of the image, a milt smoothing, could ngf; higher order interpolation methods to be used. Second, the constraint
readily justify a heavy computational method to discriminate betweeaats are modified to reduce the amount of edge ringing present in the high

noisy and true pixels, especially when dealing with video processirfgsolutionimage estimate. This effectively regularizes the inversion process.

Thepeak-and-vallejilter demonstrated to be much faster thantine- Index Terms—mage generation, image reconstruction, image resolution,
dianfilter for all types of images tested. image restoration, image sampling.

The peak-and-valleyilter represents an interesting replacement for
the medianfilter in those more sophisticated, and consequently more

performant filtering methods, in order to improve their efficiency.

|. INTRODUCTION

The topic of super resolution image reconstruction (SRR) has re-
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o o ) .
> Bluming > Compensation > Downsampling »GTB_, low-resolution images used to reconstruct the high-resolution image).
glmy,my, k)

Fx) This image formation model is depicted in Fig. 1.

A, m, k) It is desirable to discretize the LSV blur relationship in (1), to relate

the observed LR images to a discrete versiory @f;, x2). Thus, a

Fig. 1. Image formation model. discrete superposition summation of the form
n gy = > fm,na)ha(n,na: k) )
Uln-1,n 51 U(n,, n,-1) ()
n

2 ,i / will now be formulated. We assume that the continuous imagery

f(z1,z2) is sampled on the high resolution two-dimensional (2-D)
lattice A (i.e., (n1, n2) are integers that specify a pointinas shown
s in Fig. 2) to formf(n1, n2).

\, 1) Discretization with Zero-order Hold:Assuming the space of the
(n 1 2) focal plane is completely covered by some super-resolution (SR) sensor
with physical dimensions that can be used as a unitt@r the lattice
A (see Fig. 2), we can rewrite (1) as

/ g0 = > /u - F(@)he(b;z) de 3)

\ (n1,n2)

i wherel{(n1,n2) is the displaced unit cell byn,n,). With theas-
Un-1,n ) U(n,,n,) sumptiorthat f (x4, 223 k) is constant over the c€lf(n1, n2), (1) can

be written

Fig. 2. High-resolution imaging plan€{(n.,n2) denotes unit cell at -

the high-resolution grid poin{ny, nz). (m., m2) refers to position of g() = Z f(ni,n2) / he(€; x) dz. 4

low-resolution sensor(my,m>) € [0,W, — 1] x [0,H, — 1] and U(nl,n2)

(n1,m2) € [0,W, — 1] x [0,H;, — 1], where W; and H; are the

low-resolution image width and height abid.. andH.,. are the high-resolution By comparing (4) with (2), it is evident that

image width and height.

(n1.n2)

ha(ni,na;€) = / he(; z) dx.
almost nonexistent in previous formulations, with the exception of U(nl.n2)

rather trivial energy and amplitude bound constraints. 2) Discretization with Bilinear Interpolation:With the zero-order

hold modeling, the functiori(z; k) is assumed constant over the high-
Il. THEORY resolution sensa¥ (11, n2). However, one can better exprefds:; k),

We will first introduce the video image formation model with an em® € U (111, 122), INt€rmMSs off (n1, 23 k), f(n1+1,n23 k), f (1, nz +
phasis on the discretization step in Section II-A. After discussing te#), andf (ni+1, 2 +1; k) using bilinear interpolation. Specifically,
commonly employed zero-order hold interpolation, we will improv@PProximatingf (x; ) bilinearly, (1) can be written as

the discretization stage modeling by incorporating bilinear interpola- -

tion in Section 11-A2. Having understood the interplay between dis- ¢(£) = /

cretization and blurring stages in the bilinear interpolation case, we will (n1mg) HU(L2)

present the inclusion of the higher order interpolants in Section II-A3. flrnaynoy k)aias + f(ng + Lings k)a (1 — a2)

This development will yield the discrete image formation model that | HF(n1,ne + 1;E) (1 — 1) e

will be used to define the convex sets determining the high-resolution +f(n+1no + L)1 —a0) (1 — x2)

image solution. We will then delineate a regularization method used to he(t; ) da. (5)

constrain the resulting high-resolution image in Section II-B.
Equation (5) can be rewritten as
A. Image Formation Model

Consider the general linear shift varying (LSV) image formation g(¢) = Z {f(n1,n2; B . N
model given by [1] (n12) U(nl,n2)
g(l) = / }lc(l7$)f($) (l:l:’ +f(n1 +1’77’2;k> U(nl,n2) h((l7$)r1(1_r2) dr
£=(mi,ma k), =z=(r1,22) 1) + f(ni,n2 + 1; k) he(l;2)(1 — x()z2 dx
U(nl,n2)
whereg(£) denotes the low-resolution (LR) image samples at spatial- + fni +1,n2 + 1K)
temporal positiorf. (m1, m2 € I?) are the low-resolution sampling .
lattice indices} € T is the frame index)f (x) is the high resolution / he(€;2)(1 — 21)(1 — 22) dw} . (6)
image over the continuous domaine %>, andh.(¢; z) denotes the Unt,n2)

continuous LSV blur function resulting from effects such as the Opticﬁoting that(n:.
sensor geometry, and motion. (More specificdlly, , m2) € [0, W,—
11X1[0, H; — 1], (n1,n2) € [0,W;, — 1]X[0, H, — 1], k € [0, N],
whereW;, H; are the low-resolution image width and heighf, , H, g(€) = Z f(n1,no; k)hg(na, ne, £) @)
are the high-resolution image width and height, ahis the number of (nl,n2)

ny) is utilized four times in (6), one can reorder the
terms in the summation and write
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Fig. 3. (a) Original high-resolution image and (b) one of the low-resolution
images (generated from high-resolution image).

where

ha(ni,no;€) ©)

= / he(b; )z 20 do
U(nl,n2)

+ / hell;z)z (1 — 22) dx
U(nl,n2)

+ / he(€;z)(1 — 21)x2 dx
U(nl,n2)

+ /14(77,1‘77,2) he(€;2)(1 — 20 )(1 — x2) d:l:}. (8)

3) Discretization with Higher Order InterpolantsA more pro-
ficient approximation of the underlying continuous high-resolution
image can be obtained using higher-order interpolants. To this end, we
expressf(z), the continuously interpolated high-resolution image, in
terms of an underlying high-resolution image(x) as

©

Fig. 4. Absolute difference images between the original and the result of
flx)=| fu(z) Z §(x—m) | *h.(x) 9 ﬁi?eﬁﬁi;g (a) zero-order hold, (b) cubic, and (c) truncated sinc interpolation

whereh.(z) is the reconstruction interpolant,denotes two dimen-
sional convolution, and discrete positions indexeaby (n,n2) are
understood to be indexing the sampling lattice. Substituting (9) into (1) TABLE |

and carrying out straightforward manipulations yields MEAN-SQUARED-ERROR BETWEEN THE
ORIGINAL AND RECONSTRUCTEDIMAGE VIA POCSWITH THE DISCRETIZATION

. MODEL EMPLOYING @) ZERO-ORDER HOLD, b) QUBIC SPLINE, AND C)
g£) = Z / fu(@)o(x — n)(he(b; ) * by (x)) dz (10) TRUNCATED SINC INTERPOLATION ISREPORTED

" Discretization method 06=03|0=10|0=50

from which it is clear that the discretized LSV blur is Zero-order hold 20.39 | 986.45 | 2175.82

Cubic spline interpolation 8.71 979.11 | 2175.80
ha(n; €) = [ho(l; 2) % By (2)] jon- (11) Truncated Sinc Interpolation | 3.10 955.18 | 2175.81
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The standard POCS constraint sets are then defined badedyt),
so the inclusion of higher-order interpolants into the formulation is
completely encapsulated into the blur modeling. IIl. RESULTS

Two sets of experiments are provided to demonstrate the efficacy of
modeling with higher-order interpolants and edge adaptive constraints

The accuracy of blur estimation has a profound effect on the efficayt ringing suppression. For both cases, four low-resolution images are
of SRR algorithms. However, in many real-life SRR applications, littlesed, and a resolution improvement by a factor of two horizontally and
information about the blur function is available. Furthermore, blur egertically is sought.
timation techniques may produce inaccurate results. Loosely speakingn the first sets of experiments, a portion of a $20 bill is scanned
if we have a Gaussian blur with a varianceunderestimating yields  at 300 dpi and used as the high-resolution image (shown in Fig. 3(a).
blurry images whereas overestimating it will cause ringing artifactgis then blurred by a 9« 9 gaussian filter, translated by one pixel
along the edges. Noting this fact, the method of adaptation for ringifgboth horizontal and vertical directions, and decimated to obtain the
suppression is to selectively modify the constraint sets defining SRBw-resolution observations. The first low-resolution image is depicted
For example, assuming that the actual blur function lies within a setigfFig. 3(b). The POCS-based SRR algorithm with 1) zero-order hold
Gaussian blur functions, we could conservatively choose a blur fungterpolation, 2) cubic interpolation, and 3) sinc interpolation [10] in
tion with a lower variance at the edge pixels, whereas in homogeneals discretization stage is employed to reconstruct the original high-res-

B. Edge Adaptive Constraints

regions, wider blur functions are selected. olution image. Note that since a»@ 9 window is also utilized in the
To begin, the data consistency constraint sets defined based on @&)CS solution, sinc interpolation corresponds to a truncated sinc inter-
are given by polation. Also, since no noise has been added to the LR images for this
first set of experiments),, is taken to beg 1. The absolute difference
image between the reconstructed and original high-resolution image is
ci) = {f(n): lg(£) — Z f(n)h(n; )] < §o(l)} (12) shown in Fig. 4(a)—(c), respectively.
n The MSE between the original and a reconstructed high-resolution

image is defined as

whereé, (£€) is related to the noise in the image. The convex constraint MSE = 1 Z (f(n1,ny) — fn1,no ))? (14)

in (12) is anl; norm constraint. At every low-resolution pixel a closed N (n1m3)
and convex sef'(£) is defined, and POCS SRR proceeds by succe,

Vel act to th ts. U ted rinai ilb d here f(n1,n2) is the reconstructed image afd is the number of
sively projecting onlto these Sets. Linwanted ringing wiil be cause X(els; and is reported for all cases in Table I. Note that the inclusion of
projections onto sets defined at edge locations. Therefore, it is the

; . I er-order interpolants matters most when the blur function variance
defined on edges that will be modified. bﬁ] P

RN o is small, i.e., the smaller the blur function variance, the more important
A modification intended to reduce ringing must alter the sets so t

L . . N ?fs to account for higher order interpolants. This is expected since con-
projections at edges do not attempt to invert a large blur in the dlrect|9

h | to the edae. To red th t of deblurring directl 8Iving a wide blur function with the interpolant makes a small differ-
orthogonallo the edge. 10 reduce the amount ot deblurring direc ye"ﬂce (in the blur function) whereas convolving a narrow blur function

an edge, the blur function in the direction of the edge gradient mqﬁﬁh the interpolant can change its spread noticably;
be made more like an impulse. This is accomplished by estimating t S the second sets of experiments, all low-resolution images (obser-

d!rect|o_ns of edges a_nd then We|ght|ng the tﬂ(m_; 0 _a'of‘g the gra—l vations) are captured via a scanner. Motion is mostly translational but
dient with an appropriate function. Such a function is given below: since some rotation is present an affine model is estimated. In addition,
the blurring is modeled as Gaussian, while noise is present in the LR
r(n ) = Re(eflatn\) (13) images due to the scanning operation. The valué, aipplied to all
LR observations is determined by estimating the noise variance in a
smooth area of a LR image.
wheref is the edge orientatiod®}s denotes rotation operator by angle For the higher-order interpolant experiment the original high-reso-
of #, ande is selected to be proportional to the edge gradient. Althouglition image is depicted in Fig. 5(a). Fig. 5(b)—(d) shows the result of
it would appear this modification would also reduce the degree of dgRR using, respectively, zero-order hold, cubic interpolation, and trun-
blurring near edges, this effect is mitigated because normal projectiefged sinc interpolation modeling. The cubic spline interpolation model
are still carried out in the near vicinity of the edge such that the edggore faithfully reproduces the original.
belongs to the support df(n; £). For the “edge adaptive constraints” experiment, Fig. 6(a) depicts the
Itis very important to note that by selectively changing the blur fungesult of standard SRR with a blur assumed to be Gaussian with a stan-
tion, we may lose consistency with the observed data. In fact, the rd deviation of = 1.5, while Fig. 6(b) shows the result of SRR with
derlying physical model may be violated. Therefore, the sets may Rk regularization method and the same parameters/images. Fig. 7(a)
have a common intersection. However, there are three compelling rgad (b) show the same images for the case of blur assumed Gaussian

sons to consider this method. with a standard deviation of = 1.8. A Sobel edge detector is utilized
1) In practice, it provides very good results and suppresses tioelocate the edge pixels [11]. We have also tested the efficiency of
ringing artifacts even if the blur estimation fails. the proposed method with images that contain diagonal edges in addi-

2) In most applications, blur estimates are not perfect but are withinn to horizontal/vertical edges. Fig. 8(a) depicts the result of standard
some error bound. From a theoretical point of view, there is n&RR with a blur assumed to be Gaussian with a standard deviation of
much difference between assuming a constant erroneous biuge 1.3, while Fig. 8(b) shows the result of SRR with the regulariza-
function and selectively changing the blur function within soméon method.
bound. We see that edge ringing is greatly reduced using the proposed reg-

3) One may prove that for a set of functioris; £), the intersection ularization at little or no cost in terms of image sharpness. Lastly, we
of the modified sets lies within the intersection of nhonmodifieshoticed no noticeable increase in the number of iterations required to
SRR sets. In this case, convergence is guaranteed. estimate the SR image.
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(c) (d)

Fig. 5. (a) High-resolution image using simple bilinear interpolation to a single low-resolution image and the results of standard SRR usifigdbj beid,
(c) cubic, and (d) truncated sinc interpolation modeling.
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(b)

Fig. 6. (a) High-resolution reconstructed images using standard SRR with a Gaussian blur of standard dewafioh and (b) the result of SRR with the
proposed regularization method (using the same set of images/parameters).
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@)

(b)

Fig. 7. (&) High-resolution reconstructed images using standard SRR with a Gaussian blur of standard dewatioh and (b) the result of SRR with the
proposed regularization method.

IV. CONCLUSIONS

We have proposed methods to improve the accuracy and robustness
of POCS-based SRR methods. The following conclusions are noted.
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Fig. 8.
proposed regularization method.

« It is shown that function approximation via higher order [3]
interpolants can be encapsulated into POCS-based SRR by con-
volving the blur function with the interpolant. This incorporation (4]
of higher-order interpolants in SRR algorithms significantly
improves their accuracy. The proposed changes only affect the
blur tables, hence have no effects on the computational cost ofl5]
SRR algorithms.

The edge adaptive constraint sets reduce the artifacts, especial%]
when the blur estimates are not correct. Also, additional compu-
tational complexity for edge detection is very small.

(7]

(8]
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